Purdue University

Purdue e-Pubs
Open Access Dissertations

Theses and Dissertations

12-2017

Two Mathematics Teachers' Personal Practical Knowledge:
Experiences Making Curriculum within the 3D Inquiry Space
Elizabeth Suazo Flores
Purdue University

Follow this and additional works at: https://docs.lib.purdue.edu/open_access_dissertations

Recommended Citation
Suazo Flores, Elizabeth, "Two Mathematics Teachers' Personal Practical Knowledge: Experiences Making
Curriculum within the 3D Inquiry Space" (2017). Open Access Dissertations. 1643.
https://docs.lib.purdue.edu/open_access_dissertations/1643

This document has been made available through Purdue e-Pubs, a service of the Purdue University Libraries.
Please contact epubs@purdue.edu for additional information.

TWO MATHEMATICS TEACHERS’ PERSONAL PRACTICAL
KNOWLEDGE: EXPERIENCES MAKING CURRICULUM WITHIN THE
3D INQUIRY SPACE
by
Elizabeth Suazo Flores

A Dissertation
Submitted to the Faculty of Purdue University
In Partial Fulfillment of the Requirements for the degree of

Doctor of Philosophy

Department of Curriculum and Instruction, College of Education
West Lafayette, Indiana
December 2017

ii

THE PURDUE UNIVERSITY GRADUATE SCHOOL
STATEMENT OF COMMITTEE APPROVAL

Dr. Signe Kastberg, Chair
Department of Curriculum and Instruction
Dr. Jill Newton
Department of Curriculum and Instruction
Dr. JoAnn Phillion
Department of Curriculum and Instruction
Dr. Dana Cox
Department of Mathematics

Approved by:
Dr. Janet Alsup
Head of the Graduate Program

iii

Para Max y Maia, los amores de mi vida, mamá y papá, hermana y hermano, abuelos y familia
en Chile, amigos de diferentes tiempos y lugares. Gracias a todos ustedes soy una mejor
persona.

iv

ACKNOWLEDGMENTS

As it takes a village to raise a child, it took a village to complete this dissertation study. I am
grateful to many people that supported me and here I mention a few of them:

Dr. Signe Kastberg who through her questions encouraged me to explore and analyze my
previous experiences as a mathematics learner and teacher, and consider them as a baseline to
design this study. Her academic rigor is what made this a beautiful study.

Signe, I am so grateful for having you as my advisor. During my dissertation study you were
empathic with my concerns and struggles even when that was uncomfortable for you. Whenever
we interacted, we both tried to be our authentic selves, which I think took our relationship
further from an advisor-student relationship. My consideration to you as a person was always a
priority and allowed me to learn from you. Thank you, Signe, because of you I became a more
confident human being and mathematics teacher.

Dr. Jill Newton who encouraged me all the time to keep working despite my language barriers
and through her feedback, I opened my eyes to new ideas and even embraced different types of
research.

Jill, I will never forget your hug in my first semester in the graduate program. That small gesture
meant the whole world for me. Thank you for treating me as a person and caring about my
family. Your smile and sense of humor always made my time in the graduate program happier.

v
Dr. JoAnn Phillion who supported me to use the narrative inquiry methodology in this study. Her
expertise assisted me to be truthful to the methodology, the people involved in my research, and
myself.

JoAnn, thank you for being supportive and encouraging me to keep doing my research. You were
the non-mathematics educator member that immediately believed in my study. Your views and
comments reinvigorated my research ideas.

Dr. Dana Cox who was my role model to implement this dissertation study. Her expertise in
mathematics and narrative inquiry were the perfect combination to strengthen this research.

Dana, I always remember how friendly you were with me the first time that I met you at PMENA
37th. Your openness and honestly were factors that I truly appreciate during my dissertation
journey. Reading your manuscript about your work with teachers motivated me to write about
my own struggles implementing this research study.

To my Purdue mathematics education fellows: Sue Ellen, Brooke, Betsy, Sherry, Mahtob,
Lizhen, Lane, Andrew, Laura, and Rachael. Thank you for listening to me and providing me
feedback on my pieces of writing. You made me feel an important part of the mathematics
education community. I hope you continue to be supportive with the new and future fellows.

A mi esposo, Max, hija, Maia, y familia en Chile. Ustedes fueron el cimiento emocional que me
mantuvo fiel a mi historia durante este largo viaje académico. Gracias por sacrificar el tiempo y
el estar físicamente juntos para que yo pudiera concretar este sueño. Gracias por creer en mi y
amarme tal cual como soy.

vi

TABLE OF CONTENTS

ACKNOWLEDGMENTS .............................................................................................................. iv
TABLE OF CONTENTS ............................................................................................................... vi
LIST OF TABLES ......................................................................................................................... ix
LIST OF FIGURES ......................................................................................................................... x
ABSTRACT ................................................................................................................................... xi
PREFACE ....................................................................................................................................... 1
PART I ............................................................................................................................................ 6
CHAPTER 1. THIS IS ME ............................................................................................................. 7
My Story in Chile: Backward in Time ....................................................................................... 7
Elizabeth’s Vision of Learning and Knowledge ....................................................................... 10
The Mathematics Learner and Teacher in Chile and the United States.................................... 11
The Packing Truck Lesson ....................................................................................................... 13
CHAPTER 2. TWO MATHEMATICS TEACHERS’ EXPERIENCES...................................... 15
Elizabeth’s Inward and Outward in Relation to Place .............................................................. 15
My Goal of Listening and Speaking up for Mathematics Teachers ................................... 16
Teaching Mathematics in Chile .......................................................................................... 16
Being a Student in Chile ..................................................................................................... 18
Being a Graduate Student in the United States ................................................................... 19
Meeting Minority Students in the United States................................................................. 20
Paying Attention to the Three Dimensional Inquiry Space ...................................................... 22
The Miniature Golf Course Lesson .................................................................................... 22
The E-478 School: Backward, Inward, and Outward in the Same Place ........................... 27
Lisa’s Story: Inward and Backward in Different Places .......................................................... 29
Lisa: Daughter, Student, Mother, and Wife ........................................................................ 29
Lisa: The Mathematics Teacher in E-478 School............................................................... 30
Bringing the Outside Into the Inside ................................................................................... 32
Lisa’s Conservative Tendencies ......................................................................................... 36
Lisa’s Views of Learning and Knowledge ......................................................................... 37
Continuity of Experience .................................................................................................... 42

vii
Lisa: The Quilter and Mathematics Teacher....................................................................... 43
Being Together and Paying Attention to the 3D Inquiry Space ............................................... 46
Reflection on My Time in the Field: Full of Negotiations ....................................................... 58
Looking Forward to Future Interactions ................................................................................... 60
EPILOGUE ................................................................................................................................... 67
PART II ......................................................................................................................................... 68
CHAPTER 3. LITERATURE REVIEW ...................................................................................... 69
Research on Mathematics Teachers.......................................................................................... 69
Research on Teachers’ Knowledge .......................................................................................... 70
Personal Practical Knowledge ............................................................................................ 75
Research on Curriculum and Teachers: Finding Evidence of Mathematics Teachers as
Curriculum Makers ............................................................................................................. 78
The Metaphor of Teachers as Curriculum Makers ............................................................. 78
Evidence of Teachers as Curriculum Makers in Mathematics Education .......................... 79
Learners’ Knowledge................................................................................................................ 82
Learners’ School Mathematics Knowledge ........................................................................ 82
Learners’ Out-of-School Mathematics Knowledge ............................................................ 82
Tasks Involving Real-World Contexts ............................................................................... 83
The Area Concept ..................................................................................................................... 85
Area Concept in K-12 Curriculum ..................................................................................... 86
Two Understandings of Area .............................................................................................. 87
A Dynamic Understanding of Area .................................................................................... 91
CHAPTER 4. METHODOLOGY................................................................................................. 94
Narrative Inquiry as a Methodology ......................................................................................... 94
Dewey’s Philosophy and its Impact in Education .................................................................... 95
Curriculum and Experiences..................................................................................................... 97
Narrative Inquiry in K-12 Education ........................................................................................ 98
Narrative Inquiry in Mathematics Education Field ................................................................ 100
My Story in the United States and the Benefits of Using Narrative Inquiry .......................... 101
Portraying Mathematics Teachers as Curriculum Makers...................................................... 103
CHAPTER 5. EXPERIENTIAL METHODS AND ANALYSIS OF FIELD TEXTS............... 105

viii
Experiential Methods .............................................................................................................. 105
Participants and Settings ................................................................................................... 105
Field Texts ........................................................................................................................ 106
My Journey Reading and Highlighting the Field Texts.......................................................... 118
Experiential Methods Notes ................................................................................................... 121
My Journey With Qualitative Analysis Software ................................................................... 131
CHAPTER 6. FINDINGS AND DISCUSSION ......................................................................... 136
Findings .................................................................................................................................. 136
Research Question Misaligned With my Theoretical Lenses ........................................... 136
No Categories but Constant Teaching Images.................................................................. 138
Narrative Inquiry a Methodology to Sustain Learning ..................................................... 138
Discussion ............................................................................................................................... 140
REFERENCES ............................................................................................................................ 145
APPENDIX A. IRB INFORMATION SHEET .......................................................................... 155
APPENDIX B. SUMMARY OF CONVERSATIONS TOPICS................................................ 157
APPENDIX C. ELIZABETH’S JOURNAL ............................................................................... 158
APPENDIX D. TRANSCRIPTS................................................................................................. 174

ix

LIST OF TABLES

Table 1: Questions within the 3D inquiry space ......................................................................... 108
Table 2: Field texts summary ...................................................................................................... 124
Table 3: The last two rounds of analysis of conversations ......................................................... 126

x

LIST OF FIGURES

Figure 1 Representation of      using tiles ................................................................. 12
Figure 2 The irregular shape in the miniature golf course project ................................................ 23
Figure 3 Students’ sketches of the miniature golf course layout .................................................. 40
Figure 4 Lisa’s labor of love ......................................................................................................... 44
Figure 5 Kerrie’s group drawing in the left, Lisa’s drawing in the right ...................................... 53
Figure 6 Lisa’s explanation to a student........................................................................................ 55
Figure 7 Curved shape provided to the students. .......................................................................... 57
Figure 8 Elizabeth and Lisa at the E-478 School. Extracted from Suazo (2016) ......................... 63
Figure 9 Domains of mathematics knowledge for teaching. Extracted from Ball et al. (2008) ... 71
Figure 10 An incommensurability problem. Extracted from Hirstein et al. (1978) ...................... 89
Figure 11 Ways used to place the cardboard rectangle. Extracted from Simon and Blume (1994)
....................................................................................................................................................... 91
Figure 12 Area as a two-dimensional continuum.......................................................................... 92
Figure 13 Elizabeth’s Chronicle .................................................................................................. 109
Figure 14 Representation of the drivers’ speed before and after the speed trap. Extracted From
McClain and Cobb (2001) ........................................................................................................... 111
Figure 15 A cloud of snow geese. Extracted from Romberg and De Lange (1998) ................... 111
Figure 16 Visual representation of the topics of conversations created with NVivo .................. 132

xi

ABSTRACT

Author: Suazo Flores, Elizabeth. Ph.D.
Institution: Purdue University
Degree Received: December 2017
Title: Two Mathematics Teachers’ Personal Practical Knowledge: Experiences Making
Curriculum Within The 3D Inquiry Space
Major Professor: Dr. Signe Kastberg.

This study is an effort to expand conceptualizations of mathematics teachers’ knowledge where
teachers’ experiences are considered an important source of their knowledge. Using Schwab’s
(1969, 1983) concept of curriculum and Dewey’s (1938) theory of experience as theoretical
lenses, the researcher, a former secondary mathematics teacher, explored an eighth-grade
mathematics teacher’s personal practical knowledge ([PPK], Elbaz, 1981, 1983). The
mathematics aspect of this study was the emerging concept of area as students worked on a
lesson involving real-world context. Field and research texts were constructed through narrative
inquiry (Clandinin & Connelly, 2000). This study illustrates how under a four-year collaboration:
1) the researcher learned about the mathematics teacher’s PPK and her personal PPK in relation
to the teacher; 2) mathematics teachers make curriculum (Clandinin & Connelly, 1992) by
paying attention to their experiences, readings their students, and following Dewey’s (1938)
principle of continuity; and 3) the teachers’ previous experiences with the area concept informed
their in-the-moment understandings of the concept and their interactions with students, and
between themselves, allowed them to develop new understandings of area and its teaching.

1

PREFACE

The curriculum will be brought to bear not in some archetypical classroom but in a
particular locus in time and space with smells, shadows, seats, and conditions outside its
walls which may have much to do with what is achieved inside. (Schwab, 1969, p. 12)

Whenever I read this quote from Schwab’s (1969) I feel transported to my experiences as
a learner in my small elementary school and to my last mathematics honors high school class in
Chile. Dedication and hard work inspired the happenings within those places. I am now aware
that my actions as a learner and teacher, and my students’ actions, were in relation to our
experiences and the environments that shaped us.
I came to the United States to learn about research in mathematics education. This goal
led me to become involved at a local junior high school, where I have been working with Lisa, a
veteran eighth-grade mathematics teacher, since the spring of 2014. My experience working with
her triggered a series of memories of my teaching in Chile and reflections about research on the
teaching of mathematics. I started understanding research with teachers as collaborative work
and curriculum as the students’ and teacher’s experiences in the classroom (Schwab, 1969,
1983). This brought me to learn about Dewey’s (1938) theory of experience, narrative inquiry
(e.g., Clandinin & Connelly, 2000) as a research methodology, and the construct of personal
practical knowledge ([PPK]; Elbaz, 1981, 1983).
The PPK construct considers teachers’ knowledge as intertwined with their personal
experiences and understandings of their surroundings. Originally, I planned to explore Lisa’s
PPK (Elbaz, 1981, 1983) while I was with her designing and implementing tasks. My goal was
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to contribute to the field of mathematics education through becoming a researcher whose main
interest was to understand the teaching of mathematics in light of teachers’ experiences. Once in
the field, I quickly realized that this research purpose also allowed me to explore my own PPK
and portray Lisa and myself as curriculum makers (Clandinin & Connelly, 1992). This is how
this story became one study of two mathematics teachers’ PPK making curriculum (Connelly &
Clandinin, 1992).
Mathematics education researchers have been interested in studying mathematics
teachers’ knowledge. Following Shulman’s (1986) seminal work, research has identified
components, or elements, of mathematics teachers’ knowledge (e.g., Ball, Thames, & Phelps,
2008; Fennema & Franke, 1992; Hill, Schilling, & Ball, 2004; Rowland, Huckstep, & Thwaites,
2005; Rowland, 2008b). Using different theoretical lenses, other researchers have explored what
teachers know when teaching mathematics (e.g., Davis, 2011). At the same time, researchers
have been exploring curriculum implementations (e.g., Tarr, Chavez, Reys, & Reys, 2006; Tarr,
Reys, Reys, Chavez, Shih, & Osterlind, 2008). In such curriculum reports, teachers were
portrayed as neutral or passive followers of curriculum and policy implementations. However,
other research reports acknowledge that teachers played an active role in their classrooms, for
instance, by adapting policy recommendations to fulfill their students’ needs or adapting a
textbook to create different learning opportunities for learners (e.g., Remillard & Bryans, 2004;
Sztajn, 2003).
The curriculum reports described above considered the construct of curriculum as
compounded by mathematics textbooks, plans of study, or policy recommendations about the
learning and teaching of mathematics. This has portrayed teachers as deliverers of curriculum
(Clandinin & Connelly, 1992) and resulted in considering their actions in classrooms as
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interfering with researchers’ projects. Another approach to implement research in classrooms is
using Schwab’s (1983) conceptualization of curriculum. In this theory, curriculum encompasses
the happenings in the classroom, which means that teachers’ actions are considered one of the
crucial factors in curriculum as well as students, subject matter, and milieu.
Heaton (2000) and Lampert (1985) are examples of researchers in mathematics education
that have documented happenings in classrooms under Schwab’s (1969, 1983) conceptualization
of curriculum. Lampert (1985) narrated how a teacher’s decision in the classroom is based on her
personal view of students, mathematics, and herself. Heaton (2000) argued that she felt confident
and successful as a teacher when she envisioned her students as resources “for constructing
curriculum” (p. 80). These studies encouraged me to understand that one of the teachers’
strengths is grounding their decisions in the classroom interactions and an understanding of
students’ needs (i.e., their readings of the moments when teaching). This attention to teachers’
views as part of the curriculum encouraged me to search for a conceptualization that considered
teachers’ actions as crucial when teaching. PPK (Elbaz, 1981, 1983) is a construct aligned with
Schwab’s conceptualization of curriculum. Elbaz was one of the first researchers to study
teachers’ experiences. She explored an English teacher’s PPK and portrayed her as a person who
confronted and handled different teaching situations by consulting a variety of sources of
knowledge. Elbaz (1981, 1983) identified that personal experiences, students’ experiences and
schools’ circumstances, and the social environment around the school were the main sources of
the teacher’s PPK.
My experiences with Lisa made me also interested in the concept of area emerging when
students work on tasks involving real-world contexts. Research on K-12 and adult learners’
understanding of this topic has mostly communicated what they do not know about this concept
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(e.g., Baturo & Nason, 1996; Kamii & Kysh, 2006; Kordaki & Potari, 1998; Murphy, 2012;
Nunes, Light, & Mason, 1993; Simon & Blume, 1994). I was especially intrigued by the
diversity of knowledge that learners bring to bear when working on real-world tasks. Research
has described different tasks that encouraged learners to use various sources of knowledge,
including school and out-of-school knowledge (e.g., Kastberg, Ambrosio, McDermott, & Saada,
2005; Lubienski, 2000; Silver, Shapiro, & Deutsch, 1993). Lisa also showed interest in
implementing these types of tasks in her classroom. So I suggested that Lisa and I plan and
implement tasks embedded in real-world contexts that included opportunities for students to
explore the concept of area. This is how I decided to explore an eighth-grade mathematics
teacher’s PPK during the planning and implementation of an area lesson with a real-world
context. My relationship with Lisa motivated me to portray her as someone holding a type of
knowledge in relation to her personal experiences and interpretations of the school requirements
as well as her reading of learners’ needs. The following research question guided the preparation
of this study: In what ways is a mathematics teacher’s personal practical knowledge held and
used while designing and implementing tasks involving area models?
I end this preface describing the structure of this manuscript. There are six chapters
organized such that readers read the story of my work with Lisa immediately and its research
components at the end. The first chapter is about me so that the reader can create an image of
who I was at the time of designing and implementing this research. The second chapter contains
the story of my experience working with Lisa in the school. The third chapter describes the
bodies of knowledge that support this study. Here readers get access to the pieces of knowledge
that I used to design the study. The fourth chapter contains a description of the methodology that
I followed to construct field texts. The fifth chapter relates my journey passing from field to
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research texts. Finally, in the sixth chapter, I take a step back to describe and discuss findings of
this study. I hope this way of presenting my research story allows readers to re-live my
experiences in the field considering me as a learner, mathematics teacher, and narrative inquirer.
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PART I
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CHAPTER 1. THIS IS ME

My Story in Chile: Backward in Time
In 1973, Chile started experiencing one of the hardest times in its political, economical,
and social history: 17 years of dictatorship. Even though I was born in the second half of this
period, as a Chilean citizen I am still affected by its economic and political influence. Besides all
of the atrocious death (I am consciously skipping that topic here), education was one of the most
damaged areas. Many colleges were closed, and teachers were forced to use curricula aligned
with the dictator’s ideas. A big part of our history as a country is still unknown because at that
time Chileans studied from books that presented biased stories and points of view. In addition,
the economic model imposed during that time segregated the Chilean population economically
and educationally, to the point that there is currently a huge difference between wealthy and
working-class people; this gap is even larger between rich and poor people.
Besides the closing of many education colleges during the dictatorship, the salary of
teachers, which used to be a governmental duty, became the responsibility of townships. This
contributed to the reduction of teacher salaries and status of the teaching profession. I remember
a conversation with my primary school teacher in one of my first years of undergraduate studies.
She retired that year because workload, stressful environment, and low salary made her
discouraged. Sadly, in 2017 this situation still remains the same. Teachers’ salaries are very low
in comparison to those in other professions such as engineering and medicine, and the profession
lacks status. In schools, teachers discourage good academic students from becoming teachers.
Even though becoming a teacher in Chile requires the same number of years in college as
becoming an engineer or scientist, teachers in Chile have a low status compared to other careers.
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Everybody knows that teachers’ salaries are low, they are overworked, and they bear the
stereotype of being low-quality professionals.
With the arrival of the democracy in 1990, the Chilean economy improved to the point
that working-class people were offered mortgages to buy houses or cars, and loans or
scholarships to study at the universities. As a good academic student from a working-class
family, I was awarded a scholarship to fund my undergraduate studies. At that point, I made the
conscious decision (others might say a wrong decision) to become a secondary mathematics
teacher and thus a first generation college student. At that time, the Chilean economy was
improving. Evidence of this, besides my scholarship, is that when I graduated, my parents were
even able to own an apartment for the first time in their lives.
Immediately after I received my bachelor’s degree, my desire to learn and my fervent
advocacy for the teaching profession made me think that I would receive more social recognition
with a master’s degree in mathematics. Therefore, I entered a master’s program in mathematics
at the same university, but in a completely different college: the science and mathematics
college. My professors encouraged me to continue graduate studies in pure mathematics, but I
was determined to be part of the educational field. For me, the master’s degree in mathematics
provided solid content knowledge that could allow me to be recognized as a well-educated
mathematics teacher in secondary and post-secondary education. As soon as I graduated, the
mathematics department offered me a part-time job teaching freshman mathematics courses to
undergraduate students pursuing engineering, humanities, and pedagogy. In this place, I was
introduced to a local Catholic high school. The head of the mathematics department needed a
teacher to develop a curriculum to prepare honors high school students to be successful at their
mathematics courses at their first year at college. This work at the college level led me to work
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at a local high school during my last four years in Chile. In the last two of these years, I had the
freedom to design and implement a mathematics curriculum for the group of honors mathematics
students in the school. In 2010, I considered myself lucky to have that job since it gave me a
higher status than a usual mathematics teacher in that school. Even though it was part-time, my
work at the university allowed me economic security. If I had wanted to, I could have given up
my job at the high school. Yet my love for teaching mathematics and working with secondary
students was so strong that I kept working in both places until I came to the United States in
2013.
My job at the university also allowed me to implement professional development
programs for upper elementary and middle school teachers. Even though I did not have much
supervision and primarily followed written instructions, the experience of working with teachers
allowed me to become familiar with their social contexts. I visited schools in urban and rural
cities in my region. The memory of teachers from the remote countryside, people who worked
hard without societal recognition, is vivid in my mind. I associate this memory with my memory
of my elementary school teacher. These experiences and memories daily encourage me to
portray teachers as valuable people in our society—people who deserve academic, social, and
economic recognition.
Once in the United States, working in a junior high school, I sadly recognized similar
characteristics in how teachers, and even faculty members in the school of education, are
represented. The readings from my research courses at Purdue made me understand the breach
between teachers and research on teaching. These readings and previous experiences came
together and, over the past three years, ended up illuminating the topic of my dissertation
research: an exploration of a mathematics teacher’s personal practical knowledge. My long-term
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purpose is to continue studying mathematics teachers’ knowledge, considering teachers’
experiences as fundamental.
Elizabeth’s Vision of Learning and Knowledge
At this point, I consider it relevant to describe my vision of learning and knowledge so
that the reader can understand my theoretical lenses and perspectives. I think this will help my
audience to understand how my views and experiences formed the baseline for this study.
I assume that learners construct their own knowledge as a result of their personal
observations and experiences interacting with others (von Glasersfeld, 1984). As a consequence,
they might respond to school instruction in different ways. I consider learners hold different
types of knowledge, and focus on two types here: the knowledge they construct in school settings
and in non-school settings. To refer to these two types of knowledge, I adopt Steffe’s (1994)
terminology. Steffe (1994) defined child methods as those methods that a child develops on their
own in out-of-school contexts. He referred to a child-generated algorithm as a method developed
by a child in the context of indirect teaching. Specifically, Steffe (1994) claimed that childgenerated algorithms are elaborations of child methods, and he associated child-generated
algorithms with the concept of scheme, as defined by Piaget (1980a).
Piaget (1980a) stated that knowledge “proceeds from action, and all action that is
repeated or generalized through application to new objects engenders by this very fact a
‘scheme’” (p. 24). Piaget emphasized that knowledge is produced as a result of assimilation,
which he defined as “the integration of new objects or new situations and events into previous
schemes” (Piaget, 1980b, p. 164). Von Glasersfeld (1984) claimed that we learn as a result of
being exposed to a situation in which we experience discomfort or a mismatch of ideas, and thus
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we reflect, analyze, and compare so that we re-arrange ideas, deepen them, or create new ones.
In the same line, Confrey (1991) described our learning this way:
We act through sensory-motor and cognitive operations. We use tools and previously
familiar systems of representations. Then, we monitor the results of our actions to see if
the problematic has been resolved and equilibration restored. This may end the sequence,
lead to a reconsideration and perhaps alteration of the problematic, and subsequently a
new cycle of action and reflection. (p. 118)
In Piaget’s words, when we learn, we try to assimilate and accommodate structures or ideas to
restore the equilibrium in our minds. In other words, I personally do not conceive the knower and
the knowledge as separate and independent entities (von Glasersfeld, 1996). Instead, learners
build cognitive structures as they perceive, experience, and reflect.
The Mathematics Learner and Teacher in Chile and the United States
Although I did not study Euclidean and analytic geometry in high school, I enjoyed
learning about these topics in my undergraduate studies. Essentially, I liked the idea of not
having formulas or already established procedures to use. To me, geometry was related to using
reasoning and creativity to find relationships. I remember planning a lesson about the definition
of a line in one of my undergraduate method courses. It was the first time that I realized the
challenge of designing a lesson that helped students explore the concept of a line in Euclidean
space. It was also the first time that I reflected on teaching this primary mathematics concept.
When teaching at the university, I remember planning a lesson related to the area
underneath a curve. I thought about starting with the known area concept for regular shapes that
we learn in secondary school and then extrapolating to find the area of irregular shapes. The idea
of dividing the area below the curve into smaller and smaller rectangles, with height as the value
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of the function, was fascinating to me. I enjoyed preparing a calculus lesson based on a basic
mathematical concept such as area.
In the United States, one of my first co-teaching experiences was related to using tiles to
expand algebraic products. Lisa wanted to use tiles to explore multiplication of algebraic
expressions with one variable. The lesson was designed for her inclusion classes, whose students
were labeled as low achieving and were assumed not to know about multiplying algebraic
expressions. As a class, we first explored the characteristics of the tiles; students measured them
and realized that the small cube had a unit length and the rectangular parallelepiped was one unit
by one unit by a decimal length. I drew one face of the different tiles on the board, and we
decided that the decimal length would represent the unknown or x value. As a class, we found
the area of the face of each tile and created new shapes. Figure 1 shows a picture of a shape that
we presented to the students at that time and the first part of the handout we gave them.

Figure 1 Representation of      using tiles
I remember the excitement in Lisa’s face when I connected the algebraic expressions
with the idea of area. The area concept emerged again in our conversations when Lisa taught a
lesson to her honors students related to finding algebraic patterns. She told me how quickly one
of her own children discovered one of the most difficult patterns. He had visualized the
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geometric representation of this problem in his mind, mentally moved pieces around, and
thought about relationships among the areas to find the algebraic pattern.
In my second year working with Lisa, we planned a new lesson. I was taking a graduate
Science, Technology, Engineering, and Mathematics class, and one of the assignments was to
design an integrated lesson. Inspired by my father’s job transporting plants for a garden center, I
designed a lesson related to packing a truck with plants and flowers. In the following paragraphs,
I describe the problem posed to students and their solutions.
The Packing Truck Lesson
In the packing truck lesson students were asked to provide a design for the cargo hold of
a truck to allow room for as many white cedar trees and petunia plants as possible. Students
received the task information as a letter written by the owner of the garden, and they were asked
to solve his problem. Students were told that the plants and flowers had square bases; the cargo
space in the truck measured 220 by 740 by 220 centimeters; the cedar tree dimensions were 27
by 27 by 54 centimeters, and the petunia flower dimensions were 9 by 9 by 18 centimeters.
To determine the number of trees and flowers that could be transported in the bottom part
of the truck, some students used the formula for area. They computed the area of the bottom part
of the truck and divided it by the area of the base of the plant. Others considered the base of the
plant as an area unit, and iterated it along the bottom part of the truck to find the total number of
plants to be transported. The numbers that resulted after implementing these two operations were
different. In similar studies (e.g., Dean, 2014; Simon & Blume, 1994), the results obtained using
these two different methods have captured learners’ attentions. This is precisely what Lisa and I
observed when I implemented the lesson with her eighth graders.
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When I planned the packing truck lesson, the concept of volume was going to be the key
mathematics concept. However, when we tried the lesson with Lisa’s students, they used the
concept of area. After implementing the same lesson the following year with the same results,
Lisa and I were both intrigued by the students’ reasoning—specifically, their confusion
regarding the values obtained after using the formula for area and iterating an area unit. This
experience motivated me to select the emerging concept of area as the mathematical focus of my
dissertation study.

15

CHAPTER 2. TWO MATHEMATICS TEACHERS’ EXPERIENCES

Elizabeth’s Inward and Outward in Relation to Place
I worked with Lisa for four academic years, a small portion of her 28 years in the school. Today,
I'm working in an office transitioning from field texts to research texts. This is a crucial moment
in my life. Becoming a mathematics educator in the United States started long before I was
accepted to the graduate program. To be here, I had to study English and leave all my family. It
has not been easy, but many people have been with me. I am especially grateful for Lisa, who
allowed me to spend time with her, learn from her, and learn about myself. I am a better person
and researcher because of my interactions with her. For Lisa, I might be just another graduate
student who kept coming into her class for four years. On the other hand, she might have learned
something from me, which would not be surprising. Over the years in the school, she has been
learning from and with many people who happened to be with her in the same place. (Elizabeth’s
reflection, August 24, 2017).

I entered Lisa’s room, four years ago, as an international graduate student. We felt
connected immediately because of our common interest in group-work. Lisa decided to
collaborate with me because she believed in my proposal. I worked with her because I appreciate
being in her room and with American eighth-grade students. Why did we keep working together
over four years despite the fact that our professional relationship was not planned or formalized?
I am still exploring the answer to that question. Here, I narrate our experience working together
from my perspective as a Chilean graduate student in a mathematics education program in the
United States.
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My Goal of Listening and Speaking up for Mathematics Teachers
My main goal in pursuing my graduate studies in mathematics education was to learn
about research in the United States. In my first year, I realized that my concept of doing research
with teachers was different from that of others. If a teacher decided to replicate a published
research study in their classroom, I considered them to be performing research. Or I would argue
about “ecological” ways of interviewing teachers, ways that portray them as professionals who
hold a unique type of knowledge. Later, I identified myself with qualitative research
methodologies. Yet sometimes even qualitative research sounded too quantitative for me.
Attending the 12th International Congress of Qualitative Inquiry (ICQI) contributed to this
thinking. At this congress, I enjoyed joining the postmodern research sessions. The idea of not
classifying myself as either a quantitative or qualitative researcher felt right to me. During the
same period of time, I started attending Lisa’s class once a week for three months. Later, we
decided to continue this collaboration, and at the time of this study, we had been together for
four years. I was grateful to have a place to try out things, and also to feel helpful‒a feeling that
keeps me motivated to do my work. Then, I was presented with the methodology of narrative
inquiry (Clandinin & Connelly, 2000). I started digging into it and studied its philosophical
roots. This is how I decided that my dissertation study would be a narrative inquiry exploration
of a mathematics teacher’s knowledge.
Teaching Mathematics in Chile
When I was teaching in Chile, right before coming to get my PhD, an undergraduate
student’s comment motivated me to do a teaching intervention in my honors mathematics classes
at the high school. My undergraduate student shared with me that he came from a public school
and did not have the same knowledge that students from private schools had. He was aware that

17
students from private schools already knew the mathematics content that would be studied
during the first two years of college. He was convinced that it would be extraordinarily hard for
him to be at the same academic level. This student’s comment is still vivid in my mind. It
resonates with me because I studied in a public school and am aware of how hard it was in
college to learn the things that I had not learned before. I remember a classmate’s surprised face
when he realized that I did not know anything about circular functions. I knew exactly what this
undergraduate student was talking about.
I decided to bring this conversation to my honors high school students from the private
school where I was working. In this school, I was teaching everything that the students needed to
know to be successful in the first two years at college. After having this conversation with the
undergraduate student who came from a public school, I realized that at that point, I was living
the other side of the story. In my role as a mathematics teacher at a private high school, I was
contributing to perpetuating this difference between public and private school students. This
motivated me to use one-fifth of my classes at the high school to talk about life. In these
conversations, I shared my experience being a student from a public school at college.
As a high school mathematics teacher, I was aware of my privileges being a part-time
teacher in the private school. I did not have to attend all the regular meetings, and I had the
freedom to design a curriculum that covered the mathematics that students would be studying in
the first two years at college. Because I was teaching future engineers and scientists at that time,
I knew the content and the reasoning that high school students needed to be successful in
mathematics courses at college. As always, I loved teaching mathematics, but I enjoyed it even
more with the freedom to decide what to do in my class. However, not everything was positive;
there were times when I felt alone as a professional. I visited the school only to teach and attend
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the department meetings, which made me feel separated from the school community. I had very
few opportunities to engage in conversations with my colleagues. So from one side, I was happy
teaching this class and perceiving that students enjoyed it, but at the same time, I felt isolated as
a professional.
Being a Student in Chile
When I was a high school student and an undergraduate student, I lacked resources. I am
a first-generation college student. I did not have anyone in my family or neighborhood that could
share their experiences of doing homework, projects, and tests or their advice about how to study
in college or even in high school. I always felt insecure, and I was very nervous during tests. It
was not until I graduated from my master’s program that I started feeling more secure when I
took tests. A memory that reminds me of my lack of resources at that time is the experience of
going into a small store one block from my house to make a phone call. We did not have a phone
at home, and I knew a classmate who could help me with my prepositional logic homework. I
went to call him with my notes and a pen. The phone hung on a wall of the store. There was no
privacy at all. Everybody in the store could hear what I was saying, and the amount of coins I
had limited my conversation time to a couple of minutes. During that period, I remember feeling
alone, but thirsty for knowledge. I persisted in looking for extra help and resources. I had the
determination to learn, finish my studies, and feel successful.
When this undergraduate student shared his concern with me, I really understood what he
was saying. I suggested something like working harder to be successful because that was my
own experience. Now I understand that people face situations in different ways, even when they
share similar experiences. It was probably hard for this undergraduate student to believe or
understand that a professor had similar experiences to his.
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Being a Graduate Student in the United States
Feeling alone without resources or support is a situation that I am familiar with and am
able to identify in other people. Every year that I was in Lisa’s class, I tended to focus my
attention on the students who seemed alone or lacked resources. In my first research study, I
focused on the concept of engagement. My advisor, the course instructor, asked us to design and
implement a research project about our concept of interest. I started reading articles, writing my
thoughts, and reading her feedback until I identified my concept of interest: engagement. Since I
was part of Lisa’s class, I decided to focus my attention on the students who seemed disengaged.
Lisa’s response was, “Good luck with that.” When she said that, I did not feel pressure to
“succeed” in my research; what was succeeding, anyway? It was my first research study in the
United States. I just wanted to implement it and explore students’ reactions. It was an exciting
time for me.
I truly wanted to learn how to do research in mathematics education. At the same time,
my sensitivity to teachers’ experiences was also important. The images of my elementary teacher
and those teachers from the countryside I discussed in Chapter 1 are always in my mind.
Therefore, I was committed to learning about research, but without compromising my personal
view of teachers and learners in general. I was not going to tell teachers that they were wrong, or
that they needed to follow certain methods. My goal was to do a type of research that allowed
space for listening and care (Noddings, 1984, 2005). In other words, a type of research that
would lift their spirits and position them as professionals doing a job that requires the most
dynamic and intricate ways of being and knowing.
The first time in the United States that I talked about my high school teaching
experiences, I felt ashamed. The fact that I skipped one-fifth of my weekly classes to have
conversations about life with my honors students made me feel like a bad professional. The
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action, not teaching mathematics and having conversation instead, could make others think
negatively about my professional self. However, I had a reason, and it was valid for me. I wanted
my honors high school students to know that my social background was the social background of
some of their future classmates in college. I wanted them to know that someone coming from a
public school could be seated next to them in a calculus class at college not knowing anything
about circular functions. Yet, despite that, this potential classmate from a public school could
become successful as well.
Meeting Minority Students in the United States
In the summer of 2017, when I was writing this research text, I had a conversation with a
Mexican student just accepted in an engineering program at a large university. His story touched
me. At the beginning, this university rejected him because of his low English score. When he
received this news, he talked to his father about it and they made a decision as a family: he was
going to try a smaller university as a second option. While he was sharing his story with me, I
had to intentionally hide my emotions from him. Again, I resonated with his experience. Later,
he was notified about a scholarship that would help him to be accepted at the large university.
Once again, he made a decision with his family’s input to accept the scholarship. I could picture
his family talking about his academic future and trying to figure out a way for him to do what he
wanted to do. When I met him, he had become part of this program, but he struggled to get
socially involved. He did not know how to engage with his Caucasian or African American
classmates, or even with Latino classmates from countries different than his own.
Feeling isolated because of language, philosophy, or socioeconomic status is
uncomfortable. I have encountered people who have experienced similar situations in various
times of my life. In my first day of dissertation study with Lisa, I was surprised by her childhood
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experiences. She went from being a country girl, living in a non-diverse area, who used to play
outside, ride horses, and eat rabbits as part of her diet, to living in a city in very poor conditions.
She mentioned how awkward it was for her to engage with people who had different
backgrounds. Not being able to engage with others, or feeling uncomfortable with people from
different backgrounds, was one of the reasons she did not finish her engineering degree. She
described not having the temperament or personality at that time to engage and face that
primarily male field. While there could be several valid reasons for her to quit engineering, she
expressed that the lack of networking and connections was the most prominent for her.
When Lisa shared this story with me, I told her that we had similar childhood
experiences. However, reading the transcripts of these conversations reminded me of a
conversation with my father when I was in high school. I complained to him that we did not have
people around who could help me with my homework or share experiences about being in
college. My father reminded me of this event just a couple of years ago. He told me that he is
happy now that I have a group of people around me. His comment made me think that he
struggled with my complaint at that time because he did not know how to help me.
Listening to my Mexican friend and Lisa’s story made me remember previous
experiences and become aware of them. I could not stop thinking about my own family
conversations about college and career and how the decisions we made were so important for my
future. It would not surprise me to see my Mexican friend, in the near future, studying for a PhD
or getting his dream job. Becoming aware of my previous experiences makes me have faith in
the potential of others, regardless of their current circumstances.
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Paying Attention to the Three Dimensional Inquiry Space
The Miniature Golf Course Lesson
In the miniature golf course project in Lisa’s class, students had to design the layout of a
golf course in a given space and using 18 specific pieces, or “golf holes.” One of the pieces was
an irregular shape, specifically a curved shape (see Figure 4). Besides presenting the layout of
the miniature golf course, students had to describe how much green space they had after placing
the holes in the given space. Students worked on this project for six 45-minute class periods
without finishing it. On the fourth day of working on the project, Lisa was astonished that
students were spending too much time sketching a model for the golf course and not drawing the
final layout on the given poster papers. My perspective on our reactions, at the end of that day, is
described in the following journal entry.

Lisa was so surprised that she asked me to talk with her in the hallway. Once there, she
said that her brightest kid couldn’t come up with the idea of making models of the
figures. I could see a puzzling expression on her face. Personally, I was really surprised
observing this group reacting completely different to the task in relation to the previous
class. I have been writing that every group of students is different, but today I truly
experienced that. Every group of students is different and because of that, teachers shape
and direct their work differently. In the middle of the lesson, Lisa and I talked and
reminded each other that we couldn’t make students solve the problem in the way that we
saw it in the prior class. She agreed. I said to her, “We need to understand how they are
thinking about the problem.” (Elizabeth’s journal, March 1, 2017)
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Figure 2 The irregular shape in the miniature golf course project
In one of the classes where we implemented the miniature golf course project, I met Kerrie1.
Kerrie was an eighth-grade student who caught my attention because she seemed disconnected
from her group from the very first day of the project. This is how I described what happened
with her the first day:
One of the students, the only African American, realized immediately that she would not
be able to compute the area of the curved shape. She was mad about it and couldn’t do
anything else during the class. I talked about it with Lisa, and she immediately wanted to
solve the problem. Lisa drew the figure in the graph paper and started thinking about
how to compute the area. We talked about possible strategies. At the beginning, she said,
“I’m fine if they use a triangle to approximate the area.” I said, “Let’s do that, but if it is
a problem for them, let’s think in a different solution.” We started thinking about the
units that the graph paper provides and how students can divide those [units] even more
(e.g., in quarters). We decided that we are going to talk about it and try to create an
environment to get them to figure out that. (Elizabeth’s journal, March, 1, 2017)
1

All the students’ names are pseudonyms
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The triangle approximation that Lisa was referring to was the way that the rest of the students in
Kerrie’s group decided to approximate the area of the curved shape (i.e., irregular shape).
However, Kerrie was not convinced, she wanted to have a more precise way to do it. I personally
understood Kerrie’s concern, and I wanted her to know that. I decided to talk with Lisa and share
with her my thoughts about Kerrie’s way of thinking.

Day 2: First day of Implementation of the Lesson
Elizabeth: But I'm very excited about this, because [Kerrie] is really smart. She realized
that there is a problem, but—
Lisa: And she doesn't know how to solve it. It is the Barbara moment.

By saying that I considered Kerrie a smart person, I was intentionally trying to call Lisa’s
attention to Kerrie’s thinking process. Lisa responded to my comment by mentioning what we
experienced four years ago with another eighth-grade student, whom we called Barbara. Barbara
was part of one of the algebra classes that Lisa was teaching during my first year with her.
Students were working on a task where they had to find different algebraic patterns. Barbara
spent a lot of time looking at the numbers and could not figure out some of the patterns. When
she asked us for help and we did not provide the help that she wanted, she broke out in tears. At
lunchtime, Barbara did not come back to Lisa’s room as she usually did. Lisa knew that Barbara
felt bad, but for Lisa, that struggle was an important learning experience for Barbara. Lisa related
to me how, as a student, she identified with Barbara. The next day, Barbara came back to Lisa’s
room in a completely different mood. She now was calm because she had figured out the patterns
that were confusing for her the day before.
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The Barbara moment was an awkward moment for me. Reflecting back, I think I did not
intervene because I was new in Lisa’s classroom. Four years later, during the implementation of
this study, as soon as I recognized Kerrie’s struggle, I talked with her about it, and later with
Lisa. I was not a passive observer this time; I was committed to getting Kerrie’s mathematics
concerns listened to by her teammates.
Barbara’s episode became an expression in common between Lisa and me. Lisa
identified Kerrie’s situation as a Barbara moment. This time, Kerrie was mad about not knowing
how to approximate the area of the curved shape. She did not break out in tears, but she was in a
bad mood. Kerrie wanted to know an accurate way to approximate the area of the irregular
shape. Her teammates resolved the issue by doing an approximation that did not satisfy Kerrie,
but she did not have a strategy to get a better approximation. Personally, I thought Kerrie wanted
to have a more precise approximation of the area, and her teammates were not listening to her.
For Lisa, the problem was that Kerrie did not know how to express her concern. As a result,
Kerrie’s teammates did not listen to her. After talking to Lisa about Kerrie, I decided to approach
the group the day that I was in charge of the class. This is how I reported to Lisa on my
intervention:

Day 13. Conversation After I Taught the Lesson
Elizabeth: Yeah, so then I said OK, now you need to talk as a group because she [Kerrie]
is not happy about this strategy and I am telling you, you're not going to get the right
answer for this shape, because it is irregular. But you have to decide if you want to have
a good approximation or not. It seems that Kerrie’s strategy is more accurate.
Lisa: That probably made her feel good too.

26
Elizabeth: Yeah, I know. I told them because I didn’t want them to feel...
Lisa: Dismiss her.
Elizabeth: Yeah, exactly, because it’s a valid thing.
Lisa: I was going to say, because her ideas were valid

What happened with Kerrie was probably a mix between miscommunication among students and
some kind of status issue within the group. Kerrie was probably not seen as a good mathematics
student, so her teammates did not consider her mathematical ideas valid. No matter what was the
case, this situation helped me to understand myself as a mathematics teacher. When reading the
transcripts, I realized that when I am teaching, disengaged students are my main focus. Whatever
I do, it is in relation to them so that they have an opportunity to engage or to be heard. I was not
aware of that before doing this study. I understood this image of my teaching by interacting with
Lisa and reflecting about my experiences with her. Being with Lisa took me on the journey of
reliving my previous experiences as a student and teacher, which at the same time took me to
new understandings of myself.
Although Lisa and I both lacked social connections when we were children, I learned that
we have different images of teaching. I am a mathematics teacher who cares about disengaged
students because I see myself in those students. My own life experiences taught me that
disengaged students can succeed in whatever they decide to do, but the process of becoming
successful requires such students to work hard, receive offers of opportunities from others, and
accept help. Now that I am older and not considered disadvantaged anymore, I consciously want
to offer opportunities to others who are in the place I was. In my area, my way to offer help is by
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providing experiences in mathematics classes that allow students to see that their ideas are
valued and that there are people like me who believe in the potential they have.
For Lisa, teaching mathematics is a mission that she enjoys, but she does it thinking
about the majority of the students rather than those with specialized needs. She has only a certain
amount of time to do her work. She chooses to use her time for those who understand certain
material in the way that she does it. If someone asks her for help, she will always stay after
school to provide that help. After working with Lisa and re-reading our conversations, I came to
understand that facing familiar situations is Lisa’s strength. For example, the Barbara moment
we experienced before was familiar for Lisa because she recognized herself in some of Barbara’s
characteristics. This made her feel strong about letting Barbara struggle for a day.
The E-478 School: Backward, Inward, and Outward in the Same Place
The E-487 School2 is a racially and economically diverse school that is home to
approximately 1,000 seventh- and eighth-grade students. Around 70% of the E-478 students have
the benefit of the free or reduced-price federal lunch program. This was not the case when Lisa
started teaching. During my time in the school, I always enjoyed walking into it. I felt
completely part of the school community in my last two years because people recognized me.
The year of my dissertation study, there was a secretary with Latino background; she was always
talking to students, often in Spanish. Listening to my native language right at the beginning of
my day at the school was a treat.
Similarly, walking to Lisa’s room was gratifying; people on my way there made me feel
part of the school community. I was always thanked for being there. This joy was even greater
when students were chatting and waiting to start their classes. If Lisa’s room was closed,

2

E-478 is a pseudonym for a Midwestern junior high school.
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someone in the building always opened it for me. One time, during class, an African American
student was sitting in the hallway on the floor. I asked him why he was there; he said, “I got in
trouble.” Communicating with that student and receiving his response made me feel like part of
the school. Another time, when I was in the last days of my pregnancy, I ran into an
administrator. He started asking me about my baby and sharing advice about raising children. He
engaged me in a conversation, as he would do it with any other teacher there. These are a few
gestures that made me like feel a teacher again, just in a different place.
Lisa’s room was located almost at the end of the hallway on the left. Her room was the
only one that had tables instead of individual desks. In February 2014, Lisa told me the reasons
for having tables were “group work and discourse.” In 2017, during my dissertation study, Lisa
told the story of getting the tables in her room. A teacher in the building offered to trade his
tables for individual desks, and Lisa accepted immediately. This is how she became the only
mathematics teacher with tables in her room.
Lisa’s desk faced the main door at the back of the room. Tables were assigned so that
students were able to see the whiteboard and blackboard, but needed to turn around to see Lisa’s
desk. The wall in front of the entrance and behind Lisa’s desk was full of textbooks and plastic
containers with manipulative materials. The first time I was there, the room resembled a science
classroom to me. When I mentioned this to Lisa, she started showing me some of her materials.
These included unit cubes, tangrams, tiles, soda lids that Lisa adapted to play an algebra game,
and table games. Some were purchased from a company, and others she created for her
mathematics lessons (e.g., plastic soda lids with operation symbols).
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Lisa’s Story: Inward and Backward in Different Places
Lisa: Daughter, Student, Mother, and Wife
Lisa became a mathematics teacher after deserting her engineering studies in the 1980s.
The field of education attracted her because of her solid academic background in mathematics
and a strong commitment to have a family. Mathematics was something that she enjoyed doing,
but she also wanted to have time to raise and love her family. A husband, two boys, and one girl
make up her family. The boys became engineers, a field that their father also practices as an
independent contractor. Lisa’s daughter joined the nursing field. During my time with Lisa, I was
familiar with her stories about her children, mostly her daughter, who grew from a senior in high
school to a sophomore in college in this period.
Lisa’s socioeconomic background changed in her childhood. When she was 10, her
parents divorced, and she moved from the countryside to the city. This move lessened her
socioeconomic status. She started her life in the city as an extremely poor girl living with a single
mother. She related part of this story in our first conversation.

Day 2: Conversation About the Chronicle
Lisa: So I lived there until I was about that age, 10, and then moved to the city, and that
was a very different… honestly, almost I didn’t know how to behave or act.
Elizabeth: Sure.
Lisa: Where I grew up, it was not diverse at all.
Elizabeth: Mmmmm.
Lisa: Everybody worked on the coal mine and had something to do with the coal mine.
There were, families were, what I would think like Chinese families were; everybody is
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raising the children, the grandparents will take part. Then my grandparents would take
care of me, not because my mom worked because she didn’t, but we could walk to
grandma’s house, which was just right down the way, and grandma will take care of us,
so it was really a different kind of way. Then my parents divorced and my mom moved us
to the city. And it was almost like you got dropped into major culture shock because you
didn’t know how to behave. You know, we couldn’t really go outside. She [Lisa’s mother]
was really careful about letting us go outside.

Once in the city, Lisa’s mother protected her from being outside. This was somehow strange for
10-year-old Lisa because she used to spend the whole day playing outside. As an adult, Lisa
remembers this experience as a “culture shock.” I empathize with Lisa’s confusion and
overwhelming feelings at that moment. Lisa disclosed that these emotions became stronger when
she perceived that in this new place, there were too many cultural, socioeconomic, and physical
changes. Combining this new experience with her mother’s sense of insecurity, and the resulting
overprotection, Lisa reacted by limiting herself socially and focusing on her studies.
Lisa: The Mathematics Teacher in E-478 School
Lisa has been one of the mathematics teachers in the E-478 school for 28 years. The year
of this study, besides teaching mathematics, Lisa was living new experiences. She became part
of a committee that was planning the creation of a career center for junior high and high school
students. This center would allow students to learn and work toward certificates in vocational
activities such as electricity, mechanics, gastronomy, and plumbing. Lisa was the only middle
school teacher on this committee and felt responsible for advocating for her junior high students.
These meetings took place during school time, and Lisa had to be away from her classes for a
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couple of hours. Despite the fact that being on this committee required extra time from her, she
enjoyed doing it. Lisa thought that her students would be motivated to work in regular classes if
they had the opportunity to do hands-on activities while in school. This motivation could
increase if students had the opportunity to obtain a certificate, which could be a step toward
getting a well-paid job. The excerpt below is from our conversation about this.

Day 15: Conversation in a Cafe
Elizabeth: So that career center will be kind of the first experience that they’ll have doing
these things, and that might motivate them to continue studying two years more after high
school.
Lisa: Absolutely, and in a lot of cases they are going to be able to get some certification
right there, because we are going to bring in community members.

From my perspective, I see Lisa’s involvement in the career center project and my research as a
need to be recognized as a professional. Lisa looked for greater goals. During my time with her,
she wanted to do something else. She loved teaching mathematics and being with her students,
but she felt she could contribute in other ways too. Her participation in the career center project
and in my dissertation study were two opportunities for her to share her views of students and
teaching mathematics with other audiences. She felt recognized and rewarded as a professional
by being involved in these activities.
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Bringing the Outside Into the Inside
During her first 15 years of teaching mathematics, Lisa implemented what she called
“cross curriculum activities.” In these activities, students were taken into field trips to learn, for
example, about water flow in a local river or the acid level of soil. Teachers from subjects such
as science, social science, language and art, and mathematics planned and implemented these
activities. In more recent years, Lisa also incorporated an economic lesson into her mathematics
classes. In this class, students completed all the paperwork to ask for a loan from a local bank.
Once they obtained the money, they invested it in making books, sold the book, and used the
profit to take a field trip to Chicago.
Lisa’s passion for the lessons that involve field trips has been supplemented by teaching
lessons with real-world contexts. For example, Lisa loves planning and implementing tasks in
which students can see themselves as professionals, particularly engineers. She considers one of
her roles in the school to be encouraging her students to continue their studies, and particularly to
become engineers.

Day 2: Chronicle
Lisa: And that is kind of the reason because I’m not going to get out of it, because if I do,
then who is going to carry my torch? You know, who is going to help these, the every kid
in here, the poor kids that I was, I was one of those kids, and the females who just don’t
have somebody going, “Oh, no, you can be an engineer. You are an engineer.”

The responsibility that Lisa is referring to in this conversation, with her love for engineering,
motivated her to incorporate engineering concepts as contexts for her mathematics lessons. For
example, she would explain the engineering design process as a problem-solving strategy in her
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class. Or Lisa would use the group work technique called scrumming that her engineer son used
in his job. This is illustrated in the following conversation between Lisa and the class at the
moment when one student, here called Peter, answered Lisa’s question.

Day 1: Implementation
Lisa: […] It is a rugby term, and they, when my kids, my oldest kid who is a software
engineer, they get together twice a week with their team and they sit around the table and
they scrum. And you are like, that's weird, why would you be scrumming, which is a
rugby term, when you are sitting in at a conference table trying to solve, you know,
problems, any ideas?
Peter: Basically, the rugby versions of, like, when the group holds together, like plan.

In this conversation, Lisa introduced the word scrum to the class. She started describing her
son’s experiences working in groups in his job. The groups are assigned different projects, and
then they get together to listen to and provide feedback on each other’s. To visualize scrumming
in rugby, we showed a YouTube video of a rugby game when players were scrumming. After
explaining to the students what this word meant in the engineering field, Lisa started using it. For
example, if she realized that students were confused, she would stop the class and say, “We are
going to scrum.” Then, students shared their ideas and confusions and got some feedback from
each other.
Lisa also brought outside experiences into her classroom by using a variety of
manipulative materials. Lisa caught my attention from our first encounter with the variety of
materials she had in her room, particularly the ones that she made. In my first days with her, I
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helped to make, laminate, and cut cards with mathematics problems on them. We placed these
cards on the walls, and Lisa used them to create stations where students walked around the room
solving mathematics problems. I loved Lisa’s commitment to making activities for students in
which they had the opportunity to walk around the room and talk to each other. It amazed me
that a senior mathematics teacher maintained that level of energy and enthusiasm.

Day 2: Chronicle
Elizabeth: So, do you think that the materials that you have here are kind of …
Lisa: It is, that is what I mean, within these four walls, I try constantly to give kids
opportunities to not just crunch numbers, that we are going to try to really dig deep and
figure things out using manipulative [materials].

In her classroom, Lisa has been able to balance her time between focusing on procedures, or
what she calls the basic skills, and working on lessons with real-world contexts, which she calls
projects. When teaching basic skills, if the experience was familiar to her, she used her
manipulative materials to help students to understand a procedure or mathematics concept.
For example, to approximate the square root of a number without using a calculator, Lisa
took her tiles and started making squares with her students. Lisa thought that this geometric
representation helped students to visualize the square root of a number, at the same time helping
them to be more precise when ordering numbers written in radical form. The following excerpt
illustrates one of our conversations about this.
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Day 15: Conversation in a Cafe
Lisa: And you know some of this, OK, you know when I do the—when we do the square
root of 10, and I do this with the kids, and what we do is we get some of those little tiles
out.
Elizabeth: I remember, yeah.
Lisa: And this is kind of the idea right here. So we get 10 tiles out. Here's nine, you know,
these are all the same. And then the 10th one is right there. Well, do you see that’s a little
bit more than a three by three square? But it's going to take you 16 to make it up four by
four square, so we only want ten of those. Which one is this closer to? The kids can get
this, and then when you show them this array, they can say. “Oh yeah, that makes
sense.”
Elizabeth: Yeah, and I love that.

For Lisa, if students can see a visual representation of a mathematics property or concept, they
will learn it better. We both experienced this at the beginning of our encounter. We saw how few
honors students could determine algebraic patterns by looking at geometric representations made
with unit cubes. Many of them preferred to analyze the naked numbers, which made the task
harder. For that particular lesson, the use of manipulative materials to represent algebraic
patterns made that task easier. Lisa referred to her learning from that experience in the following
conversation.
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Day 15. Conversation in a Cafe
Lisa: That particular experience probably sealed the deal for me. You know, I’ve been
doing things differently, but that one sealed the deal for me. Using manipulative
[materials] with algebra [honors] kids because you usually go, you just tell those kids
what they need to do, and they will be good. But that, ever since, I mean I’ve used
manipulative [materials] with these honors kids. They need to see it in multiple ways.

Despite the fact that Lisa has been always willing to use manipulative materials in her classroom,
after experiencing that pattern lesson together, she understood that manipulative materials
provide another representation that could be useful to identify mathematics patterns. Lisa
realized that honors, or algebra, students would benefit from learning multiple representations of
mathematics concepts.
Lisa’s Conservative Tendencies
At the same time that Lisa likes bringing outside experiences into her classroom, she is
also conservative in her decisions. Lisa would empathize with students who have similar
characteristics, struggles, and strengths to her. She would say something like, “That is how I
thought about the problem,” or “That was me when I was a student.” She also recognized, but
did not comment on, those students who solved problems in different ways. She associated those
different ways of thinking with “being smart” or “being spatial.” Moreover, she related those
types of thinking to her husband’s or children’s skills.
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Day 8: Planning
Lisa: See, this is the kind of problem that I think, like, my husband, who is very spatial, he
would be like, “Here is the answer.” I'm like, “How do you know that?” But the bright
kids, they probably are going to struggle with this at first because it's going to make them
think.

When Lisa mentioned the “bright kids” in this conversation, she referred to the students who
usually have A’s and know procedural mathematics very well. According to her, these students
usually lack skills such as spatial reasoning.
I perceived Lisa’s conservative approach when deciding which lesson to implement. The
lessons that we tried in the past that were new for Lisa, she implemented them because I asked
her to. At those times, she was committed to my goal, which was to implement certain tasks to
study students’ experiences while they were working on them. However, for my dissertation
study, when we were planning lessons as co-researchers, instead of choosing one of the lessons
that I suggested, we chose a lesson that she implemented back in 2001. I interpret this as
evidence of our horizontal relationship; she did not do whatever I told her to, but rather was
critical and honest with me. She felt more confident trying something that she remembered
students enjoying in the past and that she found interesting. However, I also see this choice as a
way trying to provide a good research experience for me. Lisa preferred to try something that she
had already experienced with students before trying something completely new.
Lisa’s Views of Learning and Knowledge
While I was with Lisa, I learned that she paid careful attention to students’ conversations
when they were interacting in groups or sharing their ideas with the whole class. After listening
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to students, she shared with me the students’ use of words. For example, Lisa noted a student
who said to her, “I need to know the area to design.” He said this to the whole class after Lisa
asked them why they needed to know the area of each piece in the miniature golf course project.
Another student in the same project realized that she could not compute the area of the irregular
shape and said to Lisa, “I do not remember.” Lisa pointed out to me these students’ expressions,
which for her communicated how students were thinking about the project at that time.
After we observed that students in the two classes where we implemented the miniature
golf course project responded to it in completely different ways, we talked about the possible
reasons for this. We started chatting about the possible types of learners in both classes. Lisa had
shared characteristics of these students before, and I used those descriptions to make conjectures
about the students’ reactions to the task.
Lisa had identified characteristics that differentiated one class from another. For example,
in one class, students were more likely to do homework than in the other. For Lisa, this could
have contributed to why students in these classes approached the task in different ways. Below is
part of our conversation.

Day 9: Implementation
Elizabeth: Oh, you know what, sorry, because you said that the first period is more like,
the fourth period needs more time to think, the first period is more like computing stuff,
like, “Let's do this,” so when they look at these shapes with these numbers, “What am I
going to do with this? Oh, let's compute the area,” because that is what you usually do
when you have these, so that's maybe why. And the others are, “Well, I have these, but I
need to do something,” so they are thinking more on the final result, but the middle part
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of the final result, if we can say it in that way, not the poster. “I need to locate some
shapes to make a golf course, so how am I going to do that?” While the first period was
like, “I need to compute something. This is mathematics, and so I need to compute
something.”
Lisa: Which is probably true because those, that group is, they are kind of doers, and
they are very traditional learners. Fourth period, not. They don't do homework, in a
broadest—if I have to generalize, they don't do homework, they don't practice, which
surprises me, though, because I have thought, well, they tend to attack problems, clearly,
attack problems different. But usually they are the ones that are more dynamic thinkers,
so I was a little surprised, not necessarily on how they did it, but the fact that they are
not, their attention, there is not much attention to detail.

When Lisa is referring to details in this conversation, she meant that one group of students was
sketching shapes for their miniature golf course without attention to detail. In other words, two
shapes that were meant to have exactly the same dimensions looked completely different on the
same piece of paper. In Figure 5, for example, the number 8 and 10 figures are the same, but they
look different because they were drawn by hand. Lisa was surprised because the group of
students that she had identified as “dynamic thinkers” were the ones not being precise with their
drawings. She envisioned students using rulers or considering the dimensions of the shape while
drawing. To me, the difference was that one group of students was doing computations because
that was the easy and clear way to start working on the problem. The other group of students
skipped that stage to start thinking about the layout of the pieces in the given area.
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Figure 3 Students’ sketches of the miniature golf course layout
In terms of the students’ thinking while facing the miniature golf course project, Lisa had
her own analogy of what was happening in the students’ minds.

Day 10: Implementation
Lisa: Plus, I think your brain is creating a path that takes you on a trip that it’s already
been on sometimes, and then it has to go a little further, you know, and then sometimes it
can only take you so far on the trip you have already been on and then it needs to turn,
you know, and go somewhere else, and it keeps wanting to go straight.
Elizabeth: Yeah.
Lisa: And you need a little time to let your brain make that new path, and that's what we
don't give ourselves in education, like, generally speaking, because they [administrators]
put so much pressure on teachers to teach so many things. Think about the learning that
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is taking place right now, but it takes time, you know. Meaningful learning is messy and
time consuming.

Here we were talking about how it takes time for students to solve a problem such as the
miniature golf course problem. In Lisa’s words, students’ thinking processes take different paths.
The known paths are the ones that take less time, while the unknown paths are the ones that are
walked slowly. Therefore, for Lisa, students are learning something new when they are walking
those new paths, which causes them to slow down or reject its nuances because they are in new
landscapes. When students are confused or annoyed because they do not know right away how to
solve a problem, this means for Lisa that they are experiencing learning. Moreover, in those
opportunities, Lisa considers that students need to take a day off from the project or activity to
refresh their minds and come back the next day with new energy to think about the problem. I
interpret Lisa’s description of learning as the justification for why she let Barbara and Kerrie
struggle before. The following excerpt of Lisa’s conversation illustrates her role in the students’
learning process.

Day 15. Conversation in a Cafe
Lisa: Right, that’s really important because they are in a way different place than I am,
and to take them further on their path requires me to put myself on their path, which is
sometimes hard because I don’t think about it like that. You know, that’s not the way that
I learned it, and it’s not the way I understand it, and it's not necessarily the way I think
about it, but I have to be willing to change the way, or think about it differently. It’s not
that it's wrong. I just need to think about it differently, and that is hard.

42

Lisa recognized how students take different paths, or think differently about a problem. As I
related it before, Lisa described how hard is for her to understand those ideas that are not the
ones that she thought or learned before. Listening to students’ thinking and understanding it
required an intentional and conscious effort from Lisa.
Continuity of Experience
When teaching mathematics, Lisa had in mind students’ past experiences and potential
future experiences. For example, during this study, when selecting a lesson, Lisa wanted to
implement a lesson that students enjoyed in the past. Similarly, when we discussed what to do as
a final lesson, Lisa based her decision on students’ future experiences in high school.

Day 16: Implementation
Lisa: I was thinking about it this morning and going, you know, if we don’t do this well,
then we miss an opportunity to transition these kids into more challenge thinking, we do,
and then they get to calculus and they are like—
Elizabeth: They will think that it is just a different way not connected to what they
learned in elementary.
Lisa: But I think a lot of kids will get it now.

This conversation occurred while students were approximating the area of the curved shape, the
last day of the project. We had decided to provide the shape and ask them to approximate its
area. At this point, Lisa had thought about the importance of spending time working on this
problem. Her way to justify that day was the fact that students learn to compute area below
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curves in calculus in high school. Therefore, the experience of approximating an area of an
irregular shape in eighth-grade would help them to better understand that concept in future
calculus courses.
Lisa: The Quilter and Mathematics Teacher
One of Lisa’s hobbies that I had the opportunity to enjoy is quilting. It was fascinating
seeing the patterns of her quilts that she brought to school. The patterns included traditional plain
squares, intricate shapes, a map of the United States, and even a three-dimensional geometric
figure. During my days at the school, a couple of Lisa’s colleagues often came to her room to
exchange pieces of fabric or provide advice about colors and textures. Once her daughter
graduated from high school, Lisa spent that summer making a quilt for her. I witnessed the final
result at the beginning of the school year. Lisa’s quilt was the most intricate, complex, and
colorful quilt that I have ever seen. I shared with Lisa my interest in learning about her hobby
before graduating. As usual, she did not have any problem inviting me into her house, the
following summer, to share with me her knowledge about quilting.
The most exciting quilting experience we had at school was during my dissertation study.
One of her children purchased his first house, and Lisa decided to make a quilt for him. Again, I
was lucky to witness the design process at school. Because of her son’s engineering background,
Lisa decided to create a quilt with a three-dimensional geometric shape in the center (see Figure
6). She envisioned the quilt placed in the central area of her son’s living room. Lisa drew the
geometric shape on paper, colored it, and started using it as a model to work on the fabric. She
brought the shape to the school to get some feedback on the type of fabric to be placed in the
background. That day, we spent half of her planning time talking about the quilt. A colleague
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and I voted for a plain piece of fabric for the background, and Lisa decided to hang the shape on
the wall next to the door to be able to enjoy it.
Day 5: Planning
Elizabeth: Mmmm, I’m looking at this. There are these triangles here.
Lisa: Icosidodecahedron. It has 20 triangular faces and 12 pentagonal faces.
Elizabeth: So you will have to tell them [her son and friends] that they will have to spend
time looking for all of those triangles.
Lisa: I know. And if you stand back, they even become more apparent.
Elizabeth: Yeah.
Lisa: Like it is better the further back you move.
Elizabeth: Yeah, I just love it

Figure 4 Lisa’s labor of love
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We stood at a distance from the quilt, and started enjoying it as we would appreciate a
piece of art in a museum. I started talking about the geometric shapes that I was able to see and
asking questions about the colors assigned to them. The role of the dark and light colors was to
represent the absence and presence of light. I was amazed by Lisa’s dedication to construct this
piece of art that she called a labor of love. To me, her love for mathematics and art were
materialized in that quilt.
The following piece of conversation illustrates part of the discussion we had that day
while appreciating the quilt. We talked about art and mathematics, specifically the geometric
shapes involved in the quilt, the concept of slices of three-dimensional figures, and how involved
we became when we talked about it.

Day 5. Planning
Lisa: Yeah, which, I already taught it [slices of three-dimensional figures], I taught it at
the beginning of the year, but you know what, we can talk about it today and look at the
slices. But here is another problem with teaching the geometry like this: you and I just
stood here for almost, what, 20-some minutes, and we both keep seeing something
different.
Elizabeth: Yeah.
Lisa: And when you see it, you can show it to me, but it might take me a minute to see it.
Elizabeth: Yeah, of course.
Lisa: And then I still might not see it, and I have to keep looking, because we all see and
appreciate art differently.
Elizabeth: Yeah, that is the idea of art, right?
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Lisa: Right, and then if you're looking at this as art, it's one thing. If you're looking at it
as mathematics, it's something totally different, and you have to get away from thinking
of it as art for a second and really be critical about how you are looking at it as
mathematics.

Reading Lisa’s last comment, once away from the field, I understood something new about her
ways of knowing. Lisa enjoyed making quilts and spent a lot of her time thinking about the
colors and the shapes. She recognized that her quilts are pieces of art or labors of love, using her
words. However, she did not see this artistic activity as integrated with mathematics. Lisa needed
to make an effort to abstract herself to appreciate the mathematics and art in the quilt. She
narrated being intentional about thinking about the quilt with her mathematics hat and then with
her artistic hat.
Being Together and Paying Attention to the 3D Inquiry Space
When I shared the first draft of this manuscript with Lisa, she confessed how
embarrassed she felt when thinking about our first encounter. I came to the school through a
university program that took graduate students into local schools. One of her friends and
colleagues was the contact person between the school and the university. She had the list of
graduate students coming to the school that day to meet their teachers, and one of them was
without a teacher. She asked Lisa to take the student. Lisa, grumbling, accepted to help her
friend. This happened just 30 minutes before I met her for the very first time.
I did not know this part of our beginning. She confessed to me, “You were not my
problem at that time,” and it made me laugh. I kept coming into Lisa’s room for the next four
years, and we developed a relationship that made us better mathematics teachers and people.
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Who could know that two people born in different times and countries, with similar
socioeconomic backgrounds, were going to meet? Who could know that as a result of this
relationship, we both became aware of the influence of our stories when teaching mathematics?
In the next paragraphs, I describe how reading my conversations with Lisa made me reflect on
my teaching images.

Day 2: Conversation About the Chronicle
Lisa: I really focus on my schoolwork, and that was how I became—I’ve been a good
student, but that was where I really excelled. And then, I decided to go into engineering.
There were not many women in engineering in the early ‘80s, and so because socially, I
think I was—mmmm, I didn’t have the social skills, probably, that I needed at that time to
be assertive as a female in that world. I decided to leave engineering, and moved into
mathematics and to pursue a teaching degree because I was really, you know, still good
at it, and I felt more confident, and I wanted to help kids.

While reading this conversation, two months later, I thought about how our beginnings were
similar. I focused on my schoolwork too; it was the only thing that I did. I did not have many
friends or parties to attend, and my social environment was mostly composed of my family:
parents, siblings, uncles, aunts, cousins, and grandparents. I spent the two summer months
reading novels in my grandparents’ house. This usually took me to imaginary encounters with
diverse people. I enjoyed the stories of people serving others in fields such as medicine, religion,
or education (e.g., Archibald Cronin’s novels such as The Hatter’s Castle, The Stars Look Down,
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and The Citadel). This experience and my background could have motivated me to pursue
studies that would allow me to make a difference in my hometown or even in my home country.
Even though I share with Lisa the experience of being in a non-diverse place—my
country was not diverse when I was growing up—I did not have any problem engaging with
people from different social backgrounds when I had the opportunity. For example, I remember
enjoying being around native students when I went to observe a class in a rural area, or being
with students from extremely low socioeconomic backgrounds in my hometown. Once in the
United States, I was excited to meet people from different cultures and countries, which made
me understand how open-minded I was in comparison to people from my country, and in
particular to my own relatives. It took me some time to realize that there were members in my
family who referred negatively to people who had different skin color (e.g., Native Americans,
Asians, African Americans) or sexual orientation.

Elizabeth’s Teaching Images

Paying attention to students’ thinking, gestures, and emotions is one of my images as a
mathematics teacher. This way of approaching teaching was reinforced in my PhD program.
When I read research articles, I would rely on those that valued learners no matter their age or
their social or cultural backgrounds. These thoughts and experiences brought me to the following
reflection:

Day 9: First day of Implementation
Elizabeth: I think we didn't have the time to… because we were like, “How we can do
this?” And they were like, “I don't know, I don't care.”
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Lisa: Because they haven't thought about it.
Elizabeth: “And I don't care because it's not my problem now.”
Lisa: Yeah, you are right, yeah, you are right. “Because this is not my problem right
now—”
Elizabeth: “I'm not going to think about it.”
Lisa: Yeah.
Elizabeth: But it is a problem for her [Kerrie], and—
Lisa: That is so funny [in the sense of interesting or neat].
Elizabeth: I know.
Lisa: Because that's true.
Elizabeth: “We are working as a group, so it's going to be your problem too. Let's
solidarize [show support].”
Lisa: Yes, you’re right. OK, that's like a whole different—

At the time of this conversation, I remember having in my mind Kerrie’s image of being
unheard, unseen, and uncared for. Lisa had tried to get the whole class to think about Kerrie’s
problem, but students did not respond, and the class was dismissed. Lisa and I talked about it,
and we came to understand that the class was not ready to discuss Kerrie’s problem. The phrase
“it is not my problem yet” triggered in Lisa a new understanding of the students’ engagement
with the task and motivated her to wait until students were ready for a whole-group discussion.
She resonated with that idea and kept repeating it during the implementation of this study. It is
almost like that phrase opened in Lisa another sensor light in her teaching. She started looking at
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her classes to understand whether or not the groups were experiencing similar situations. This is
illustrated in the following conversation.

Day 11: Debriefing After Implementation
Elizabeth: So thoughts about yesterday and today, so we are having the same problem
across groups.
Lisa: Within the classes, I think, I also think that the kinds, back to that same thing, “This
is not my problem yet, so I'm not going to worry about it,” but now it's becoming
everybody's problem because they are all getting to the point where—
Elizabeth: They have to use that poster board.
Lisa: And they didn't consider that at the beginning, because I think they put a lot of
emphasis on, are they going to fit?

At this point, students had moved from computing the area of the shapes to creating the models
to represent the layout of the miniature golf course in a poster. That day, all the groups were
experiencing similar struggles. They had constructed the shapes out of graph paper, and they
needed to glue them to a white poster board. However, the dimensions of the poster board were
not proportional to the given dimensions of the golf course. This added another challenge for the
students.
Realizing that all the students were facing similar struggles, we decided to talk to the
groups and gather more evidence of their understandings. Learning to abstain from intervening
with the groups before they asked us for help was an important piece of Lisa’s experience. She
was not the only person who learned something during this study. I also came to understand
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another of my teaching images: my theoretical emphasis on mathematics. When talking about
how to approximate the area, I wanted students to be able to make the best possible
approximation. Whenever Lisa and I talked about it, I said something that prompted us in that
direction.

Day 9: Implementation
Lisa: Right, I'm not going to have a problem with them; I think that is fair enough, do
you?
Elizabeth: Yeah, if someone thinks in changing the units, to have smaller units to better
approximate this one, that's fine.
Lisa: I don't think they will. You know why, because I think they are going to be in
trouble [pressed] for time, for this one tiny little—
Elizabeth: Yeah, so then it's good that we are using this [graph] paper.
Lisa: I think so too.
Elizabeth: Because this unit is pretty close to—
Lisa: Yeah.
Elizabeth: And we’re not losing much of the area.
Lisa: Mmmm.
Elizabeth: Because when you draw the triangle, they would like to compare, right, they
would like to compare how much they are losing, do you understand what I mean?
Lisa: I do, because kids were doing it.
Elizabeth: They were like, “But the area of that part is 18, but we are missing this.”
Lisa: So maybe they will.
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Elizabeth: I know, yep, or I don't know what else they can do. They can still draw another
triangle here in the middle and find the middle, draw another triangle and find the area
of that triangle, and then they will have less, less area to lose. [silence for seven seconds]
I was thinking on finding the midpoint here and then, like, draw this triangle, which
would be, like, isosceles, and then they will be losing just that area.
Lisa: I can't imagine them doing that, do you?
Elizabeth: Well, you know them better.
Lisa: I don't think they will. I don't think they have enough geometry skills yet.

In this conversation, we were brainstorming some approaches that students could take to
compute the area of the curved shape. We had given students graph paper, and I thought that
they were going to use it to compute the area of the shapes. However, at this time of the project,
students had used the graph paper to draw and cut the golf holes, but not to approximate the area.
Students were visualizing familiar geometric shapes in the “irregular” shape to measure its area.
Students drew a triangle that covered most of the space in the curved shape (see Figure 7).
However, they were disregarding the rest of the space. In the conversation above, I was sharing
with Lisa what kind of triangle students could draw to occupy the maximum space. My thinking
process here was based on what I planned for the dissertation study.
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Figure 5 Kerrie’s group drawing in the left, Lisa’s drawing in the right

While I was designing the study, I learned about the importance of the use of units when
measuring area and how learners struggle with that no matter their age (see chapter 3). I did not
know about this before, but I learned after seeing how students struggled when realizing that the
formula for area did not provide an accurate answer in the packing truck task. Lisa and I became
curious about it. I went to look through research on learners, especially studies about the use of
units when computing area. As soon as I felt comfortable with the affordances and limitations of
using the formula for area in real-world contexts, I shared my new insights with Lisa.
Observing students’ confusion with the result that the formula for area gave them and the
meaning of area in the context provoked disequilibrium in my mind. I remember leaving the
class feeling torn, determined to learn more about the measurement of area. However, it was not
the same for Lisa. She reflected on the use of the units and felt good about it the same day we
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encountered the problem. I personally needed more: a reference, and some kind of researchbased study that explored the concept of area. This is how I found Piaget, Inhelder, and
Szeminska (1960), and Simon and Blume (1994), which encouraged me to reflect about the
concept of area and re-establish the equilibrium in my mind.
Back in our miniature golf course project, whenever I shared this idea of the use of units
with Lisa, we never had time to discuss it deeply. It was not until I mentioned it to her in our
conversation outside the school that she thought about it with me. In this different place, Lisa
realized what I meant when I talked to her about the area units. The following conversation
illustrates this.

Day 15: Conversation in a Cafe
Elizabeth: But we have to think about how we would do it. I didn’t know this before. I
know you knew, but I never thought about it in this way.
Lisa: No, I didn’t either. In fact, I didn’t think about it, I´ll be honest with you, because I
know how to do it, and even the packing truck, when I—I was going to get the right
answer for the packing truck because I was going to worry about the parts. I was going
to get the right answer.
Elizabeth: But the area formula, why it didn’t work?
Lisa: And I knew why it didn’t work, because of the silly flower pots, but until I sat there
with the one little boy, that was my moment of “aha.”
Elizabeth: That’s what I thought, too.
Lisa: And so, because he was, I was like, how do you teach this to somebody?
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Lisa indicated the moment when another student, not Kerrie, asked her about the area of the
curved shape while working on the miniature golf course project. She sat with him and started
drawing rectangles to approximate the area of the space below the curved part of the given shape
(see Figure 8). The class dismissed, and Lisa did not have enough time to finish working on the
problem with the student. The conversation described above represents the first time Lisa shared
with me her thoughts about that moment. We had implemented the packing truck lesson for the
second time in 2016. Now we were still referring to it, trying to understand the mathematics
involved in the task, and discussing possible teaching spaces to explore the area concept, now
with an irregular shape.

Figure 6 Lisa’s explanation to a student
Lisa listened to me and empathized with my mathematics interest. She did it after
experiencing disequilibrium by listening to this particular student whom she called one little boy
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in the transcript. My comments about the use of units were not enough to convince her of the
value of talking about this problem. I also did not want to force her to spend a class talking about
area units unless she saw value in it. I held my need for addressing this issue until Lisa showed
interest in it. It was listening to her own students that motivated her to explore the concept of
area further. It was the combination of listening to her students and to me that prompted Lisa to
plan an extra lesson to talk about the area of the irregular shape.
This is why, a month later, in our last lesson, Lisa and I provided students with the
irregular shape drawn on a piece of graph paper (See Figure 9). We asked them to approximate
the area of this shape. As soon as students received the shape, they recognized it as part of the
miniature golf course project. We spent the whole class time discussing strategies to approximate
the area. Students were engaged and eager to listen to each other. A couple of students shared
their ideas about the area units to be counted on the board. One student counted the complete
squares provided in the piece of graph paper and approximated the rest of the pieces by eye. It
was a joyful day, in which Lisa and I enjoyed listening to students’ ideas.
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Figure 7 Curved shape provided to the students.

No matter how busy or complicated Lisa’s schedule or day was, she would spend time on
something that she saw was valuable for her students. I interpret this as one of Lisa’s teaching
images. She paid attention to her surroundings (i.e., institutions, standardized testing, future
mathematics lessons), but Lisa particularly listened to her students. Based on them, she made
decisions about her current and future lessons. The following paragraph illustrates my
interpretation of our learning experience after the last lesson described above:

The idea of using smaller and smaller units to compute area of irregular shapes is
something that was not a problem for Lisa until she realized that it was challenging for
her honors students. Then, she started thinking about it and came to the conclusion that
was worth it to spend some time working on that problem. She said something like, “It
doesn't look hard, and then when you get into it, you realize this is a lot harder than I
thought it was going to be, which makes you think.” After implementing the last lesson,
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Lisa was very excited seeing all honors students engaged with the problem (Elizabeth’s
journal, April 3, 2017).

I was thankful to Lisa for giving both her students and me, a class period to spend time thinking
about ways to approximate the area of the curved shape. It was a joy seeing students thinking
about the problem. Some of them came up with approximations that were very accurate. As I
wrote in my journal, Lisa was very excited about the lesson, too. She enjoyed seeing how all her
honors students engaged in what she originally identified as a simple mathematics problem.
Reflection on My Time in the Field: Full of Negotiations
When I designed this study, I experienced only positive feelings. I was hopeful and
excited about implementing my dissertation research and communicating my experience working
with Lisa. I felt responsible for describing unique experiences that could contribute to the field of
mathematics education. However, over the time I implemented the research, not everything was
pleasant. Time constraints were a constant in our planning. I had a three-month-old baby whom I
was nursing, which meant to me that I had to do some traveling in the middle of the day. Lisa
had to implement standardized tests, which meant that her schedule changed during the study
and we had to reschedule our working days. Because of this, there was a one-month gap before
implementing the last lesson. This created some personal concerns related to my study timeline.
However, I prioritized my relationship with Lisa, and while with her, I focused on listening to
her and trying to be my authentic self. I intentionally avoided adding another stressor to her
already busy life.
At the beginning of this study, when selecting a lesson, I shared with Lisa the lessons that
I thought could provide an engaging space for students to explore a dynamic understanding of
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the concept of area (Baturo & Nason, 1996). Although Lisa started thinking with me about it,
and we actually planned two of them, she was more excited about implementing an old lesson
than the ones that I brought to her. Seeing her enthusiasm about this lesson made me support her
and follow her energy. We spent two days planning the lesson. Lisa showed me the handouts and
some of the students’ work from a previous implementation in 2001. However, I had one
concern with the lesson. I did not see its relation to the concept of area, which was my research
interest. I asked her to help me to understand how she saw this lesson as related to the concept of
area, and she said it was similar to the packing truck task, just with more shapes to be located.
Despite her explanation, I was concerned because the main mathematics concept of the lesson
was proportionality and not area. Despite the fact that my comment could reduce her enthusiasm
for the lesson, I decided to be honest with her.

Day 7: Planning
Elizabeth: So I have just one concern.
Lisa: Uh-oh.
Elizabeth: But we need to think about it.
Lisa: OK.
Elizabeth: I don't know. Because this was like 15 years ago, I don't know if you
remember, did they compute the area of the shapes? Did they do any area computation
somehow?
Lisa: No, but we can have them to do that. Well, it's going to be challenging.
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Immediately, Lisa honored our relationship and addressed my concern by showing herself open
to adding some kind of area computation to the project. However, my goal was to create a
situation that would be natural for students to use the concept of area. We started thinking about
how to adapt the project so that it was related to the area. She had a brilliant idea about the green
space of the golf course. This was, to me, the perfect addition to the problem.

Day 7: Planning
Lisa: What about if we tell them that there has to be green space in all the areas that are
not that. That is the solving of the problem right there.
Elizabeth: Yeah.
Lisa: How much sod do you have to buy? That is the answer to the problem.
Elizabeth: Yeah, exactly, yeah, because they will be thinking, not just in putting these
pieces.
Lisa: But the negative space too.

Even when it took me a couple of days to share my mathematics concern with Lisa, I feel proud
of having been honest with her. I consider that this negotiation situated our relationship in a
superior level of trust. By adding the conversation about the green space in the project, we
created spaces to talk about the concept of area. It ended up being a learning experience for Lisa
and her students too.
Looking Forward to Future Interactions
After spending time with Lisa and her students, I am a mathematics educator with a new
understanding of my PPK (Elbaz, 1981, 1983). In terms of my subject matter knowledge, I
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realized that the concept of area was not a measurement construct for me. My mathematics
background in learning and teaching Euclidean and analytic geometry, and calculus, in Chile
gave me experiences with the dynamic understanding of area (Baturo & Nason, 1996). To me,
area as a measurement construct was a topic learned at the elementary level, and as a secondary
mathematics teacher, I had never focused on measurement. Understanding the role of the units in
measuring the area of irregular shapes was something that definitely caught my attention,
motivating me to design and implement this study.
During the design of the study, I learned what research communicates about K-12 and
adult learners’ understandings of the concept of area. No matter their age, learners struggled to
understand the role of units in measuring area. I found this interesting, but even more interesting
was the idea of being able to select a unit to measure area. As mathematics teachers, we usually
provide learners with an area unit, and they iterate it to measure area. Yet comparing the
measurement of the area of a shape obtained using two different area units is challenging. In my
experience implementing the packing truck lesson, learners struggled to understand the
differences in measuring area with two different area units. At the same time, I have struggled to
provide experiences for students to explore these ideas.
Being able to select a unit to measure the area of an irregular shape was the specific
mathematics focus of my study. During the preparation stage of my dissertation, I learned about
it and felt confident engaging in conversations with others. When Lisa and I planned the
miniature golf course, I intentionally added a non-rectangular, or irregular curved shape, so that
students had the opportunity to talk about it. However, over the course of the study, I understood
that my curiosity and interest in this part of the area concept was something personal. It took
questions from the students for Lisa to have a similar interest in exploring the area concept more
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deeply. For example, when we discussed how to compute the area of the curved shape, Lisa
thought of a general approximation, such as using a triangle to estimate the area. I thought about
using the squares given by the graph paper as area units and making subunits of these given
units. So when I saw Kerrie disengaged in her group because her teammates approximated the
area of the curved shape using a triangle, I resonated with what she was saying. She wanted to
have a more precise way to approximate the area. However, for Lisa, using a triangle was an
acceptable way to approximate the area. She did not resonate with Kerrie’s mathematical
concern. Contemplating alternative methods to measure area while planning this study made me
resonate with Kerrie’s ideas, but I am sure I would have approached the problem in the same
way as Lisa if I had not had that prior opportunity to re-consider the concept of area.
In terms of becoming a narrative researcher, before going into the field, I planned to be
open to suggestions and attentive to Lisa’ subjective conditions (Dewey, 1938). I did not see
myself as better as or worse than mathematics teachers. I saw myself as a mathematics teacher
learning from another, and as a mathematics educator trying to practice empathy and compassion
with teachers. However, being a compassionate researcher was not easy. I experienced internal
disputes between the trained mainstream researcher in me and my perceptions of what a narrative
inquiry researcher is (see Chapter 5). A specific example of this happened during my interactions
with Lisa in the field. I struggled in letting her implement a task that she considered related to
area. For two days, I thought about how Lisa saw the problem as related to area. I even asked her
to explain it to me. Although I could understand her point, I did not see its relation to my view of
area. It seems to me contradictory that, although I valued Lisa as a person and mathematics
teacher, I found it challenging to understand and accept her mathematical ideas. In fact, I insisted
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on providing a situation in which students had to measure the area of an irregular shape because I
did not see that in Lisa’s proposal.
As I wrote the research text, I realized what I valued in terms of mathematics knowledge.
My heavily theoretical mathematics background limited my view of what mathematics is,
specifically what area is. Reading my conversations with Lisa about her three-dimensional quilt
(i.e., her labor of love) triggered this reflection. It was eye opening to read what she expressed to
me at that point. She needed to be very intentional to think about her quilt as a mathematics
object, and then intentionally switch her mind to see it as a piece of art. Her comment made me
understand that it was hard for her to see the art and mathematics together. I saw them as
together, because I consider mathematics to be a beautiful and engaging field. Therefore, it was
not hard for me to see the mathematical beauty of the quilt, which I also associated with art.

Figure 8 Elizabeth and Lisa at the E-478 School. Extracted from Suazo (2016)
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Lisa’s admission about not being able to see her quilt as mathematics and art at the same
time made me think about how I asked her to modify the miniature golf course lesson to be more
connected to my view of the concept of area. Lisa’s view of the concept of area was different and
I could not resonate with it. When I shared with my advisor my new interpretation of the field
texts related to the quilt, she suggested that I read Munir Fasheh. Reading Fasheh (2012)
encouraging me to explore my ideas about mathematics. The author described his story of
experiencing an intellectual earthquake when he realized that his mother had an understanding of
mathematics that he could not reach, despite his solid academic formation in mathematics.
Fasheh’s mother was a seamstress and designed dresses from scratch for many years. Fasheh
(2012) questioned the value of his mathematics knowledge by seeing the value of his mothers’
mathematics knowledge. His mother was able to make a dress from a rectangular piece of fabric.
This experience led Fasheh to understand that the knowledge provided by institutions, or
“instrumental knowledge” (Fasheh, 2012), has been arbitrarily valued over non-institutional
knowledge. I referred to this type of knowledge as out-of-school knowledge in Chapter 3. Fasheh
(2012) invited researchers to consider knowledge as diverse and plural.
Not being able to understand another person’s mathematics is hardly new. Marta Civil
also experienced this (see González, Andrade, Civil, & Moll, 2001). Civil described how her
mathematics training did not allow her to see mathematics in the work of a seamstress. Both
Civil (Gonzalez et al., 2001) and Fasheh (2012) could see pieces of mathematics knowledge—
for example, identifying geometric shapes and measuring techniques—as pieces of mathematics,
but neither researcher could see the process of designing and making a dress as a mathematical
activity.
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In my personal experience with Lisa during this study, I understood that she holds a type
of knowledge that I do not have. She learned to design intricate and complex quilts, which I do
not know how to do. This knowledge is not socially appreciated as “knowledge,” but people use
the words “ability or skill” to described it. It is even hard for Lisa to see quilting as mathematics.
In our conversations, we both were able to identify pieces of mathematics: measuring techniques,
geometric shapes, and area constraints. However, the quilting activity was not mathematical for
us. For example, we never planned a quilting lesson during my study, even though Lisa and I
both loved quilting. I now understand that when Lisa and I talked about mathematics, we were
usually using our instrumental knowledge, or school mathematics knowledge—the knowledge
provided by the institutions where we studied. This knowledge is different from the knowledge
Lisa used to make her quilts or teach mathematics, which is not learned in institutions. This noninstitutional knowledge (Fasheh, 2012) is developed over time, combined with life experiences,
and nurtured by positive emotions.
Looking forward to my new understanding of the concept of area, I am grateful to have
spent time with Lisa, a person I value personally and academically. Because of my collaborative
relationship with her, I experienced this intellectual earthquake, similar to the one experienced
by Fasheh (2012). This earthquake made me understand that my knowledge of mathematics was
instrumental and therefore limited. The mathematics knowledge I learned in previous institutions
did not allow me to see mathematics as an activity that takes different forms according to
people’s personal experiences. Moreover, I now understand that the mathematics knowledge of
people such as an eighth-grade student, my father, and Lisa is not necessarily taught or
recognized by institutions. It is an activity they practice, and because of the “common”
understanding of what mathematics is, they would not even call it mathematics. Realizing that
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people practice mathematics in different ways brought me to understand mathematics knowledge
as plural and diverse. This does not mean that now I am able to understand what their
mathematics knowledge is; neither would I be able to replicate it.
I end this story using a metaphor of a river to represent my understanding of Lisa’s PPK.
A friend of mine shared this metaphor with me. In this manuscript, I select a well-known river in
North America, the Mississippi River. A sample of water from the Mississippi River in
Minneapolis is completely different from a sample of water in St. Louis, or the Memphis area.
Different tributaries contribute to the Mississippi River, and thus to its different compositions.
This river has varying widths, depths, and flows. This makes it almost impossible to recreate the
river’s characteristics from a sample of water. My friend told me that we never see the same river
twice. The Mississippi River has the same name across North America, but it is constantly
changing because of its tributaries, characteristics of the soil, and weather conditions. What I
have written about Lisa’s knowledge and my PPK knowledge is like a sample of water of the
Mississippi River. Our knowledge at the moment that the reader is reading this has already
changed. As I am writing this paragraph, both Lisa and I have experienced different moments,
which make us different people from who we were when we were together in the field.
Therefore, I conclude by reminding the reader that this story is about the experience of two
mathematics teachers working together at a specific time of our lives and relationship.
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EPILOGUE

Chase (2011) described the need for sharing narratives that communicate what happens
when individuals or groups of people find ways to strengthen their relationships using their own
resources. I consider my story of work with Lisa to be a story of two mathematics teachers who
grew in different places and came to work together with the goal of creating mathematics
experiences for eighth-grade students. In our relationship, we had some shared interests as well
as some differences. This made us become better teachers and people. The year I wrote this
study, Lisa became the mathematics coach in her school. Whenever I saw her at that time, I
perceived her joy in the new position. While I was with her, her passion for teaching
mathematics and energy for helping others created one of the high points in her career. I became
a mathematics educator who reconciled her out-of-school and school knowledge. I also
embraced and opened my eyes to enjoy the beauty of the diversity of knowledge and ways of
knowing.
Throughout this manuscript, I have tried to be honest about how I came up with the story
of my work with Lisa and the selection of literature to back up this study. Lisa and my advisor
kept me true to the stories. Whenever I was unsure, I consulted with them because they were
close to me, both while I was in the field and while I wrote the research text. There are a couple
of stories that I chose not to tell here. I am also aware that, even though I shared with Lisa my
analysis and pieces of writing, I was the one who selected the stories to be shared. My intention
was to be true to my relationship with Lisa, my personal research interest, and my process of
becoming a researcher. For example, I did not share Lisa’s words of appreciation toward me.
Maybe in my future manuscripts I will consider telling those untold stories.
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PART II

69

CHAPTER 3. LITERATURE REVIEW

In this chapter, I describe the bodies of knowledge that support my study. Schwab’s
(1969, 1983) concept of curriculum and Dewey’s (1938) theory of experience are my theoretical
lenses. The mathematics content of this study is grounded on research about the concept of area
and learners’ mathematics knowledge. Research on mathematics teachers’ knowledge is the third
body of knowledge that supports this study. Situating my teaching and research experiences in
these bodies of knowledge brought me to identify personal practical knowledge (Elbaz, 1981,
1983) as one construct that offers a different approach to explore mathematics teachers’
knowledge. I consider that incorporating personal practical knowledge (Elbaz, 1981, 1983) to the
study of mathematics teachers’ knowledge contributes to extending research on teachers’
knowledge.
Research on Mathematics Teachers
The teaching of mathematics research has been mainly focused on mathematics teachers’
knowledge (e.g., Ball et al., 2008; Fennema & Franke, 1992; Shulman, 1986) and teachers’
enactment of curriculum (e.g., Tarr et al., 2006, 2008; Remillard & Bryans, 2004). Reports on
mathematics teachers’ knowledge have identified the domains of knowledge that teachers need
to use in their classrooms (e.g., Ball et al., 2008; Fennema & Franke, 1992; Rowland et al., 2005;
Rowland, 2008b). Others have reported what teachers know when teaching mathematics (e.g.,
Davis, 2011). In terms of curriculum, researchers initially focused on teachers’ enactment of
curriculum and communicated measures of “fidelity of implementation” (National Research
Council, 2004) or “treatment integrity” (Tarr et al., 2008). In these studies, textbooks, plan of
studies, and policy recommendations have been considered curriculum. Having this definition of
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curriculum contributed to position teachers as neutral deliverers of curriculum (Clandinin &
Connelly, 1992). For other researchers, teachers draw from their personal experiences and views
to teach mathematics (e.g., Heaton, 2000; Lampert, 1985, 2001). Schwab’s (1969, 1983)
curriculum ideas encourage us to consider teachers’ experiences as part of the curriculum. In this
study, my goal was to expand research on mathematics teachers’ knowledge in light of Schwab’s
ideas of curriculum, which centers on students’ and teachers’ experiences.
Research on Teachers’ Knowledge
Mathematics teachers’ knowledge has been a constant research interest over time (e.g.,
Fennema & Franke, 1992; Hill et al., 2004; Rowland, 2008b). In general education, Shulman was
one of the first researchers to conceptualize teachers’ knowledge by defining two overarching
domains: subject matter knowledge and pedagogical content knowledge. Shulman’s (1986) work
became a seminal piece that emphasized the importance of pedagogical content knowledge in the
teaching of any subject matter. In the field of mathematics education, researchers have been
using this conceptualization as a base for the creation of mathematics teachers’ knowledge
frameworks. For example, Fennema and Franke (1992) built on Shulman’s framework to study
teachers’ knowledge and beliefs. The authors claimed that knowledge and beliefs evolve and are
connected to each other in the teaching of mathematics. Teachers “transform” their knowledge to
teach a certain mathematical concept and this transformation process changes according to the
learners’ characteristics. Additionally, Fennema and Franke (1992) claimed that the flexibility of
teachers’ knowledge depends on the “knowledge base of the teacher involved, the complexity of
the knowledge base, its interconnections, and the specificity of the knowledge available” (p.
163).
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Researchers have also built from Shulman’s framework to create instruments to measure
teachers’ mathematical knowledge (e.g., Hill et al., 2004), identify a possible relationship
between teachers’ knowledge and learners’ achievement in mathematics (e.g., Hill et al., 2005),
and emphasize the need for a specific type knowledge for the teaching of mathematics (e.g., Ball
et al., 2008). Ball et al. (2008) explored in detail the two overarching domains of Shulman’s
framework (i.e., subject matter and pedagogical content knowledge) and identified subdomains.
Under subject matter knowledge are the domains of common content knowledge (CCK) and
specialized content knowledge (SCK), and under pedagogical content knowledge are the
knowledge of content and students (KCS) and knowledge of content and teaching (KCT). These
domains are illustrated in Figure 11.

Figure 9 Domains of mathematics knowledge for teaching. Extracted from Ball et
al. (2008)
Similarly, building from Shulman’s seminal work, Rowland et al. (2005) explored how
mathematics teachers’ knowledge emerged in the act of teaching. The research group observed
prospective teachers and, using grounded theory, defined four categories of knowledge (i.e.,
foundation, transformation, connection, and contingency) that constituted what they labeled as
the Knowledge Quartet framework (Rowland, 2008a). Foundation corresponds to the “trainees’
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theoretical background and beliefs. It concerns trainees’ knowledge, understanding and ready
recourse to their learning in the academy, in preparation (intentionally or otherwise) for their role
in the classroom” (Rowland et al., 2005, p. 260, original emphasis). The foundation category
covers the knowledge possessed. It is what teachers learn in their personal education and college
teaching programs. It includes knowledge of mathematics, knowledge of scholarship and
students’ thinking, and beliefs about mathematics—specifically, how and why mathematics is
learned. The transformation dimension encompasses knowledge-in-action evidenced in the acts
of planning and teaching. It is related to Shulman’s idea of transforming knowledge. Rowland et
al. (2005) described the transformation category as informed by the foundation category. The
authors stated that, once in the field, prospective teachers follow different guidance and
inspiration according to where they are placed. The connection category is related to “the
coherence of the planning or teaching displayed across an episode, lesson or series of lessons”
(Rowland et al., 2005, p. 262, original emphasis). Specifically, this category includes the
connections between different meanings and descriptions of a concept, or alternative ways of
representing a concept and implementing procedures. The integrity of the mathematics
knowledge in the teachers’ minds and their management of mathematical discourse in
classrooms are important components of this category. The fourth category of the Knowledge
Quartet framework is contingency, and it is related to knowledge-in-interaction. Particularly, it
encompasses how teachers respond to students’ unplanned or unanticipated comments or
questions. For example, this category is evident when the teacher decides to deviate from the
lesson plan to address a student’s concern.
Rowland (2008a) wrote that the dimensions of the Knowledge Quartet framework have
been used to provoke discussion in a post-observation conversation with a teacher (e.g., Rowland
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& Turner, 2006). The author emphasized that this framework supports the development of
prospective and in-service teachers (Rowland, 2008a).
Having domains of knowledge have motivated other researchers to explore their borders.
For example, Davis and Simmt (2006) found that it is impossible to separate subject knowledge
from pedagogical knowledge. The authors realized that whenever teachers explained their
responses to others, they enacted mathematics that was much more complex, and more entangled
between content and pedagogical knowledge, than when they were just asked for a
straightforward mathematical answer. Similarly, Speer, King, and Howell (2015) described, at
least in secondary and postsecondary levels, it is hard to make a distinction between PCK, CCK,
and SCK. At some point, these types of knowledge are all intertwined. These findings are also
reinforced by Askew’s (2008) comment that “there is no mathematical discipline knowledge that
can be removed from the way that it has been studied and looked at separately” (p. 29). In other
words, Askew (2008) stated that domains of knowledge cannot be separated.
Keeping the focus on the specialized type of knowledge used by teachers to teach
mathematics, but using different theoretical lenses, Davis (2011) explored what he defined as
tacit knowledge. This knowledge involves “analogies, metaphors, and applications” that teachers
call on to teach a concept (p. 1506). According to Davis (2011), tacit knowledge is what
differentiates, for example, mathematicians from mathematics teachers. Mathematics teachers
invoke tacit knowledge to unpack a mathematics concept, for which knowing mathematics
content is not enough.
Among the frameworks described above, I consider Davis (2011) exceptional in terms of
using the tacit knowledge conceptualization to explore what teachers know when teaching
mathematics. The author explained that teachers have to be willing to explore analogies,
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metaphors, and applications to teach a mathematics concept. The author asserted that this is a
“learnable disposition rather than an explicit body of knowledge” (Davis, 2011, p. 1507). After
reading Davis (2011), I became interested in exploring the relationship between teachers’ tacit
knowledge and their personal experiences.
Lampert (1985) described how teachers hold a type of knowledge in relation to who they
are as people and their interests at the time while interacting with students. Teachers use their
knowledge to balance their own interests, their students’ interests, and the school’s requirements.
Lampert (1985) described how her decisions about group organization were based on what she
cared about, her previous experiences as a student, and her students’ expressed needs. In the
same report, Lampert (1985) described how Rita’s knowledge of herself as a teacher, her
students, and the educational system led her to make a decision that provoked tension in her
classroom. Rita decided to evaluate a student’s answer as correct even though it was incorrect
according to the textbook. Rita based her decision on her knowledge about the subject matter,
her personal experiences using textbooks, and the student’s justification for her answer.
Heaton (2000) is another researcher who provided evidence of the interaction between a
teacher’s personal experiences, emotions, and her knowledge of mathematics. Heaton described
her journey of becoming a constructivist mathematics teacher, during which she experienced an
array of emotions. For example, leading mathematics discussions without knowing her students’
responses in advance made her feel insecure; at the same time, her students’ unexpected
questions were mathematically powerful and enriched the class, making her feel satisfied.
Heaton’s experiences led her to think differently about teaching mathematics. Heaton (2000)
realized that providing a safe space for her students to lead class discussion helped her to
understand the essential role that students hold in the teaching and learning of mathematics.
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Lampert (1985) and Heaton (2000) encouraged me to think that teachers’ experiences
have a crucial role in teachers’ knowledge. In the following paragraphs, I introduce another
conceptualization of teachers’ knowledge that considers teachers’ experiences as a baseline.
Elbaz (1981, 1983) studied and represented a teacher’s personal practical knowledge as being
influenced by previous, current, and anticipated future experiences, as well as different contexts
or situations.
Personal Practical Knowledge
Elbaz (1981) used the term personal practical knowledge [PPK] to study teaching as an
activity during which teachers exercise a unique type of knowledge. Elbaz wrote that teachers in
their daily work face various situations, and “draw on a variety of sources of knowledge to help
them to deal with these” (Elbaz, 1982, p. 47). By working with a high school English teacher
named Sarah, Elbaz developed this definition:
[PPK] encompasses firsthand experience of students’ learning styles, interests, needs,
strengths and difficulties, and a repertoire of instructional techniques and classroom
management skills. The teacher knows the social structure of the school and what it
requires, of teacher and student, for survival and for success; she knows the community
of which the school is part, and has a sense of what it will and will not accept. (Elbaz,
1983, p. 5)
Elbaz (1981, 1983) described Sarah’s PPK by emphasizing its content, how it was held (she
called this “orientations”), its structure, and how it was used (she called this “cognitive style”).
The content of practical knowledge included curriculum, subject matter, instruction social
imagery, and imagery of self. The orientations of practical knowledge included situational,
social, personal, experiential, and theoretical orientations. Finally, Elbaz (1981) declared that
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rules of practice, practical principles, and images constituted the structure of this teacher’s PPK.
Elbaz (1981) defined a rule of practice as a “brief, clearly formulated statement of what to do or
how to do it in a particular situation frequently encountered in practice” (Elbaz, 1981, p. 61). For
example, a rule of practice used by Sarah involved paraphrasing her students’ ideas so that they
could also use paraphrasing in the classroom. In relation to practical principles, Elbaz (1983)
described rules of practice as a “more inclusive and less explicit formulation in which the
teacher’s purposes, implied in the statement of a rule, are more clearly evident” (p. 133). For
example, paraphrasing was a rule of practice under Sarah’s practical principle of creating an
emotionally safe environment for students. Elbaz described images as “[a level where] the
teacher’s feelings, values, needs, and beliefs combine as she formulates brief metaphoric
statements of how teaching should be and marshals experience, theoretical knowledge, and
school folklore to give substance to these images” (Elbaz, 1981, p. 61). In Elbaz’s study, Sarah
paraphrased students’ ideas so that students could feel safe trying new ideas, but also to give
herself a window into students’ thinking. The idea of a window into students’ way of thinking
was Sarah’s image of teaching English.
Sarah conceived of the subject matter knowledge as intellectually important, but also as a
means to teach communication and skills. In terms of instruction, Sarah’s work was situated in
the space of student-teacher interactions, and those interactions defined or set the goals for the
subject matter. Whenever Sarah was teaching, her decisions were based on her image of “giving
too much, challenging too little” (Elbaz, 1981, p. 155). When her department decided to take a
“back-to-basics” approach, Sarah viewed the social environment as a constraint to her teaching.
On the other hand, Sarah’s personal values were non-negotiable and motivated her actions. For
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example, she maintained relationships with students and colleagues, and expected high levels of
accomplishment from her students.
Elbaz (1983) asserted Sarah used her knowledge similar to the way an artist would. In her
daily work, she used creativity to fulfill her opposing images (e.g., giving too much versus
challenging too little) and other colleagues’ requirements. In this way, Sarah achieved a certain
balance and degree of success in her classroom.
Elbaz (1981, 1983) recognized that the categories that described Sarah’s practical
knowledge were overlapping and unique. Elbaz’s work is seminal because it illuminated the
complexity of conceptualizing a teacher’s experience and the realization that the teacher’s PPK
cannot be studied using simplistic models or linear analysis (Johnson, 1984). Clandinin (1985)
built from Elbaz’s work by exploring two elementary teachers’ classroom images. “[Image is]
embodied in a person and connected with the individual past, present, and future. Image draws
both the present and future into a personally meaningful nexus of experience focused on the
immediate situation which called it forth” (Clandinin, 1985, p. 379). In her study, Clandinin
constructed the image of “classroom as home” of one of her participants, Stephanie. Clandinin
was not aware of this image at the beginning of the study, but when she paid attention to the
teacher’s acts, conversations, and decisions, she realized that the idea of “classroom as home”
was something the teacher referred to constantly: it was dominant in Stephanie’s personal life
(i.e., as student and mother) and professional life (i.e., as teacher).
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Research on Curriculum and Teachers: Finding Evidence of Mathematics Teachers as
Curriculum Makers
The Metaphor of Teachers as Curriculum Makers
Clandinin and Connelly (1992) defined the metaphor of teachers as curriculum makers to
truly represent the role of teachers in classrooms. The authors stated that teachers are not neutral
followers of curriculum or policy recommendations; rather, they are attentive to the happenings
in the classroom. Teachers’ personal experiences and their readings of students’ interest and
school environment interact to guide the next step in teaching. In this part, I use the words
“curriculum makers” or “maker of curriculum” interchangeably and in consonance with
Clandinin and Connelly’s (1992) idea.
The idea of teachers as curriculum makers is based on Joseph Schwab’s work on
curriculum. Schwab (1973) was interested in identifying bodies of experience that should be
present in a group assigned to do a curriculum revision: subject matter, learners, the milieus,
teachers, and curriculum-making. Schwab (1983) used the term common places of curriculum to
refer to four of these bodies of experience: subject matter, learners, the milieus, and teachers.
The subject matter common place referred to the knowledge and history of the discipline itself.
The learner common place indicated knowledge of learners’ age, aspirations, anxieties,
knowledge, difficulties, and strengths. The milieu common place denoted the different
settings/backgrounds involved in education: school and classroom characteristics and learners’
relationships, family, and community. Lastly, the teacher common place referred to teachers’
knowledge of the subject matter and their teaching, attitudes, personalities, ways of interacting
with learners, and feelings.
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Schwab considered these common places of curriculum equally important in curriculum
planning. Schwab (1983) defined curriculum this way:
Curriculum is what is successfully conveyed to differing degrees to different students, by
committed teachers using appropriate materials and actions, of legitimated bodies of
knowledge, skill, taste, and propensity to act and react, which are chosen for instruction
after serious reflection and communal decision by representatives of those involved in the
teaching of a specified group of students who are known to the decisionmakers. (p. 240)
Schwab’s definition considered curriculum to be the happenings in the classroom, or lived
learning experiences, in which teachers had a protagonist role because of their knowledge of the
subject matter, students, and milieu. Clandinin and Connelly (1992) claimed that teachers
naturally use these types of knowledge to create learning situations and environments that they
consider appropriate for their learners. In other words, the metaphor of teachers as curriculum
makers considers teachers as people in charge of selecting an activity and deciding when and
how to implement it with their learners.
Evidence of Teachers as Curriculum Makers in Mathematics Education
In classrooms, mathematics teachers usually evaluate, adopt, adjust, and develop
materials according to their personal experiences, their perception of students’ needs, and the
school’s requirements (e.g., Heaton, 2000; Lampert, 1985, 2001; Remillard & Bryans, 2004;
Sztajn, 2003). Existing studies have identified ways in which teachers’ enactment of curriculum
enhances, aligns with, or interferes with curriculum developers’ aims (e.g., Remillard & Bryans,
2004; Tarr et al., 2006; Tarr et al., 2008). Such studies have used a conceptualization of
curriculum that is limited to textbooks or policy recommendations. This has positioned teachers
as deliverers or conduits for curriculum (e.g., Clandinin & Connelly, 1994). Yet researchers have
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acknowledged that the use of curriculum is a complex matter (e.g., Heaton, 2000; Lampert, 1985,
2001; Sztajn, 2003), as mathematics teachers operate in a variety of interacting situations to
support students’ learning.
Acknowledging in their conceptual framework that teachers are “active developers of the
enacted/implemented curriculum” (p. 250), Tarr et al. (2008) studied the links among textbook
curriculum, implemented curriculum, and learned curriculum with teachers who implemented
two NSF-funded and publisher-developed curricula. In particular, Tarr et al. (2008) analyzed the
frequency with which teachers used the curriculum materials and the “extent of coverage of
textbooks” (p. 271). However, they realized that their measurement index or metric did not
reflect all the ways in which teachers deviated from the curriculum. For example, some teachers
created extra worksheets to emphasize procedural skills, and others complemented the publisherdeveloped textbooks with investigations from a problem-based curriculum. The authors
concluded their 2008 research report by calling for better metrics to identify crucial factors of
curriculum implementation.
Following the line of enactment of curriculum, Sztajn (2003) studied how two
mathematics teachers working in two socioeconomically different schools implemented the 1989
National Council of Teachers of Mathematics [NCTM] reform. Sztajn discovered that the
teachers were emphasizing different aspects of the reform according to their personal
interpretations of the learners’ needs. One teacher implemented the new mathematical topics
while the other implemented problem-solving activities, although both ideas were referenced in
the 1989 NCTM reform. Similarly, Remillard and Bryans (2004) explored how eight
mathematics teachers enacted a curriculum. The authors found that teachers used the curriculum
in a variety of ways: from developing their own plan for tasks to closely implementing
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curriculum guides: “Even teachers who viewed themselves as using the materials with fidelity
enacted different curricula in their classrooms, and consequently created significantly different
learning opportunities for students and for themselves” (p. 364).
From a personal point of view, Heaton (2000) described her transition from a teachercentered to a constructivist mathematics teaching practice. She documented her reflections and
her colleagues’ feedback on her fourth-grade mathematics lessons. Heaton recognized that she
started her journey feeling unsure, which could have caused her to rely on the teacher guide in
the planning and implementation of the lessons. However, as soon as she became independent of
the teacher guide and started envisioning her students as resources “for constructing curriculum”
(Heaton, 2000, p. 80), she felt more confident and successful in her teaching. Heaton’s (2000)
book described a mathematics teacher’s experience in a school. Moreover, Heaton represented a
teacher in her never-ending role of learner and maker of curriculum with her students (Clandinin
& Connelly, 1992).
In this part of this manuscript, I have described how research has positioned teachers as a
result of using two different conceptualizations of curriculum. If we think of curriculum as the
use of textbooks or policy recommendations, teachers have been considered as deliverers of
curriculum. Yet, if curriculum encompasses the happenings in the classrooms Schwab’s (1969,
1983), teachers are considered part of curriculum and even more, having authority over it. In
mathematics education, Lampert (1985, 2001) and Heaton (2000) have shared their curriculum
experiences under Schwab’s (1969, 1983) conceptualization of curriculum. This is what I
planned to do in this study; I explored a mathematics teacher’s PPK considering her as an
important part of the curriculum. In the following section, I describe my vision of learners’
knowledge.
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Learners’ Knowledge
Learners bring a diversity of knowledge when working on tasks involving abstracts or
real-world contexts. Research has described some tasks that encourage learners to use various
sources of knowledge from personal and school experiences (e.g., Kastberg et al., 2005;
Lubienski, 2000; Silver et al., 1993). In this section, I discuss my understanding of the
knowledge that learners bring to tasks involving real-world contexts. I introduce the terms school
knowledge and out-of-school knowledge.
Learners’ School Mathematics Knowledge
Learners apply their school, or institutional, mathematics knowledge to solve a task when
they use meanings they learned in school. Learners’ mathematics knowledge from school is a
result of personal interpretations and constructions of mathematics concepts learned in an
academic setting. Usually, this type of knowledge is abstract, and learners have used it in school
contexts. For example, students might think that whenever they are provided with a rectangular
prism, they should compute its volume, or that whenever they have to compute area, they should
use the formula “length times width.” Grounded in the philosophy of von Glasersfeld (1984,
1987), this personal school knowledge is not necessarily the same for every student, nor is it the
same knowledge as the teacher’s.
Learners’ Out-of-School Mathematics Knowledge
Learners’ out-of-school experiences are different from each other and contribute to
varied understandings of situations or real-world contexts when working on school tasks. I use
the term out-of-school knowledge to refer to the type of mathematics knowledge that learners use
in non-school contexts. Steffe (1994) called this child method. For example, if a student lives in
the countryside, she might have understandings of length dimensions that a city student might
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not have. For example, city learners think in terms of blocks while country learners think in
terms of miles. These students’ experiences with length dimensions differ, which makes their
knowledge of length dimensions differ as well.
Tasks Involving Real-World Contexts
The use of real-world contexts in schools can present challenging situations to teachers
because students might naturally bring their out-of-school knowledge to solve these tasks (e.g.,
Lubienski, 2000), or they might use their mathematical school knowledge alone (e.g., Silver, et
al., 1993). This could lead to different solutions for the same problem, some of which could be
incorrect according to the context of the task. Therefore, it is important to pay attention to what
kinds of knowledge students bring to a task and encourage them to use a combination of their
mathematics school knowledge and out-of-school knowledge (e.g., Greer, Verschaffel, & De
Corte, 2002; Kastberg et al., 2005).
Defining mathematical power as “the integration of knowledge from various content
areas” (p. 15), Kastberg et al. (2005) analyzed students’ responses to the National Assessment of
Educational Progress assessment items released between 1994 and 2001. According to the
authors, 11 of these items involved real-world context situations in which students had to apply
mathematics to solve the problems. The authors found that some students used mathematics to
solve the problem without paying attention to its real-world context. Other students used their
personal experiences to solve the problem, or a combination of both. For example, in one of the
items, students were shown three possible routes for a railroad line and asked to select the least
expensive. Some students selected the shortest route (i.e., a straight line) even when this one
passed through a river. The authors theorized that students might have used their personal
experiences of riding a train over rivers, or they might also have used the mathematics idea that
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the shortest distance between two points is a straight line. These two ideas might have
encouraged them to select the route passing through a river without considering that the selected
route was the most expensive.
Silver et al. (1993) described the students’ answers to a bus problem. The problem
involved finding the number of buses needed to transport 540 people, where each bus could
transport 40 people. In this study, 58% of the students used the division algorithm to solve the
problem, and 43% provided the correct answer: 14 buses. An interesting result of this research is
the varied ways in which students interpreted the remainder. Some students did not provide a
real-world interpretation, while others considered getting another bus, a van, a cab, or a minibus.
Curcio and DeFranco (as cited in Silver et al., 1993) implemented a second version of this
problem, in which they asked students to make a telephone call to request transportation. In this
new version, more students were successful in answering and interpreting the problem in a
practical way. In this study, making the call to request the buses helped them to combine their
school and out-of-school mathematics knowledge.
In Lubienski (2000), students solved tasks involving real-world contexts. The author,
who played the dual role of researcher and teacher, asserted that one of her students, Rose,
solved the problems in a “contextualized matter” (p. 469). According to the author, this impeded
Rose’s understanding of the important school mathematics ideas discussed in classes. It seems
that for the author, the use of out-of-school mathematics knowledge was not relevant to solving
the task. Analyzing Rose’s approach from a different point of view, Kastberg et al. (2005) found
that Rose revealed evidence of mathematical power because her mathematical thinking was
connected to her real-world experiences.
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The use of tasks involving real-world contexts might create learning situations in which
students bring to bear their school and out-of-school mathematics knowledge. Such tasks also
present a window for teachers to pay attention to students’ school and out-of-school mathematics
knowledge. As seen in other studies (e.g., Kastberg et al., 2005; Silver et al., 1993), students do
not necessarily bring their school and out-of-school mathematics knowledge together until the
teacher asks them to think about it.
The research studies described above made me understand that the way in which the
mathematics curriculum is established has encouraged a separation between school and out-ofschool mathematics knowledge, and has privileged the school knowledge. In my own
mathematics formation, school mathematics knowledge, or theoretical mathematics, is the only
mathematics knowledge that I was exposed to and therefore familiar with. In the same way that
we value school knowledge over out-of-school knowledge, we do not value teachers’ practical
knowledge as much as their mathematics knowledge. I elaborated more on this idea at the end of
Chapter 2 of this manuscript. In the following section, I describe research reports about the
mathematics concept involved in this research study: the concept of area.
The Area Concept
Throughout my experiences in Chile as a student and teacher and in the United States as a
prospective mathematics educator, I have been interested in the concept of area. To see Lisa also
intrigued by it motivated me to focus on this concept for my dissertation study. Therefore, during
the planning stage of this study, I read research articles about learners’ thinking about the
concept of area and Piaget’s seminal work on measurement. Below, I describe what I learned in
this stage. I consider this part of this manuscript as evidence of my previous understanding of the
concept of area and, therefore, as a baseline before implementing the study.
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Even though, according to the standards, the concept of area is learned between third and
eighth grade (NCTM, 2000; National Governors Association Center for Best Practices and the
Council of Chief State School Officers [CCSSM], 2010) it is used across the K-12 mathematics
curriculum. For example, area models are part of real-world problems (e.g., Mathematics in
Context [MiC], 1998; Lappan, Phillips, Fey, & Friel, 2014), and they can be used to analyze data
sets in statistics (e.g., McClain & Cobb, 2001; Watson & Moritz, 1998; Watson, 2001; Watson &
Shaughnessy, 2004). In solving area problems, whether the task involves an abstract or a realworld context, learners tend to evaluate quantities. For example, in Baturo and Nason (1996),
learners correctly applied the formula for area, but their final answer did not include the unit
squares. The researchers interpreted this result as showing that learners implemented
computations without thinking about what was being measured. When designing a playground,
learners in Kordaki and Potari’s (1998) study could not link area units with length units. I
assume that these results could be just a natural consequence of the tasks’ prompts, or of the
emphasis on computation that K-12 learners and prospective teachers usually experience in
schools and colleges.
Below, I describe what I learned about K-12 and adult learners’ knowledge of the
concept of area in tasks involving real world and abstract contexts. Their mathematics
experiences have been mainly focused on computation.
Area Concept in K-12 Curriculum
Area is a crucial concept within the K-12 curriculum (NCTM, 2000; CCSSM, 2010).
According to its placement in the NCTM (2000) and CCSSM (2010), area should be introduced
as a mathematical concept in third grade. In this grade, learners should identify area as an
attribute of plane figures, measure area by counting area units, and associate area with the
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operations of multiplication and addition. Furthermore, when learners reach sixth grade, they
measure areas of geometrical shapes such as triangles, special quadrilaterals, and polygons by
composing or decomposing. At this point, learners are also encouraged to use these techniques to
solve problems involving real-world contexts. Finally, in grade seven for CCSSM (2010), or in
grades nine to twelve for the NCTM (2000), learners are expected to know the formulas for area
and use them to solve real-world problems. Although both standards include conceptual
development of area, the emphasis on computation is what students learn in elementary and
middle grades, and it is mainly what they apply in the subsequent courses. According to previous
studies, school experiences seem to promote the use of area formulas (e.g., Baturo & Nason,
1996; Murphy, 2012). Using area formulas without considering their meaning can lead learners
to mistakenly measure area by adding side lengths (e.g., Baturo & Nason, 1996; Nunes, Light, &
Mason, 1993), to be unsure about the connection between area and length units (e.g., Kordaki &
Potari, 1998; Simon & Blume, 1994), or to hold a static understanding of area (e.g., Baturo &
Nason, 1996; Kamii & Kysh, 2006).
Two Understandings of Area
Baturo and Nason (1996) asserted that learners must understand area from two
perspectives: static and dynamic. The static understanding of area consists of a quantitative
description of a region enclosed, while a dynamic understanding involves thinking about the
relationship between the boundary and the region enclosed. Yet, studies have shown that learners
from elementary school up to and including prospective teachers have been encouraged to
mainly use the static understanding of area (e.g., Baturo & Nason, 1996; Kamii & Kysh, 2006;
Murphy, 2012; Simon & Blume, 1994).
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Students. Lessons in elementary schools often promote a static understanding of the
concept of area (e.g., Baturo & Nason, 1996). Children are exposed to the measurement of area
by counting units of smaller squares that cover a region or by multiplying two measures of
length. As a result, students understand that area is an enclosed region and can be measured, in
the case of rectangles or rectangular arrays, by using the formula “length times width,” or by
using a shortcut for counting the units of smaller squares.
When first measuring the side lengths of two rectangles, with dimensions five by eight
and ten by four centimeters, in order to compare their areas, some children added the numbers;
however, these same students successfully computed the area when they were provided with an
area unit, such as a square (Nunes, Light, & Mason, 1993). Similarly, Kordaki and Potari (1998)
found that 12-year-old students could not articulate the relation between lengths of a shape and
the measurement of the area of the shape while working on a task involving a real-world context.
The authors suggested that this result could be a consequence of the emphasis on area as
computation in schools.
Kamii and Kysh (2006) sought to know whether fourth, sixth, eighth, and ninth graders
considered a square to be a unit of measurement of area and whether the square had a spacecovering meaning. In the task, adapted from Hirstein, Lamb, and Osborne (1978), students were
provided with a rectangle with dimensions of three by six units (see top part Figure 12), and
another one with a width of four units and a non-specified length (see bottom part Figure 12).
The units were small congruent squares in both rectangles. Students were asked to draw one line
in the second rectangle to produce a new figure with the same area as the three by six rectangle.
In Kamii and Kysh (2006), and Hirstein et al. (1978), students could not solve the task. They did
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not think about drawing a line segment in the middle of the fifth small square to get the new
rectangle with an area of 18 centimeters square.

Figure 10 An incommensurability problem. Extracted from Hirstein et al. (1978)

Kamii and Kysh (2006) concluded that students struggled with this task because they
envisioned the small squares as rigid and not able to be partitioned. This made it difficult for the
participants to modify the unit, such as by cutting it in half. In order to think about a square as a
unit for area, the authors suggested covering several rectangles with a transparent grid. Exploring
areas in this way is completely different from covering a surface with given squares and counting
them.
Consequently research demonstrates that K-12 students have mainly a static
understanding of area. As area is usually a concept studied for the last time at the end of middle
school, it is not surprising that prospective or in-service teachers hold a similar understanding of
area. It is possible that they have not had experiences with the dynamic understanding of area.
Next, I describe research that supports this claim.
Prospective Teachers. Murphy (2012) asked prospective teachers to plan a lesson to
teach the concept of area to eight- and nine-year-old students and solve area measurement tasks.
Murphy found that these teachers were able to quantify the area of an enclosed region, showing a
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static understanding. The author did not find evidence of the understanding of area as a relation
between the boundary and the region enclosed, i.e., dynamic understanding. Similarly, Baturo
and Nason (1996) found the measuring of area was rule-dominated, with little or no connection
to real-world contexts or concrete activities.
In another study, Simon and Blume (1994) provided prospective teachers with small
cardboard rectangles and asked them to find the number of these rectangles that would fit on the
top surface of their classroom tables. The participants used two methods. Some of them filled the
space by tiling cardboard rectangles horizontally or vertically. Using this method, the long edge
of the cardboard rectangle was used to measure one side of the table and the short edge to
measure the other side. Some of them also discussed whether they should flip the rectangle so
they could measure the two sides of the table by iterating one cardboard rectangle along one side
and repeating the same process for the other side (see Figure 13, which shows the two different
methods). To get the total number of rectangles, all the prospective teachers used the same
operation: multiplication. The discussion that followed focused on why multiplication was an
appropriate method to solve the task and what the meaning was of multiplying the two numbers
obtained by measuring the sides of the table using the same edge of the cardboard rectangle. Due
to the overlapping rectangles, teachers asserted that the product did not have any meaning.
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Figure 11 Ways used to place the cardboard rectangle. Extracted from Simon and Blume
(1994)
Simon and Blume (1994) concluded that some prospective teachers multiplied the two
numbers representing the side lengths, using the formula “length times width” without paying
attention to the different length units. While the prospective teachers who tiled the table with the
cardboard rectangles used multiplication as a counting method and held a static understanding of
area (i.e., number of rectangles that covered the table).
Overall, research suggests that K-12 and adult learners hold static understandings of area
(e.g., Baturo & Nason, 1996; Kamii & Kysh, 2006). This means that learners are able to measure
area given an area unit or the dimensions of a shape and computing the area using a formula.
However, if we provide them with an area measure, they may have difficulty determining the
dimensions of a new shape with the same area (e.g., Kamii & Kysh, 2006), or struggle to define
an area unit that can be used to measure the area of a given shape (e.g., Simon & Blume, 1994).
A Dynamic Understanding of Area
King (2015) asked her middle school students to approximate the area of non-rectangular
shapes (e.g., a leaf, a spade or club on a playing card, a footprint, or the outline of an island on a
map) using tinier and tinier units. In her study, students were provided with graph paper having
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units of 1, 1/2, 1/3, and 1/4 inch. According to King, with this activity students experienced
measurement of areas and the use of units, and they realized that the smallest unit gave them the
most accurate result.
King’s (2015) activity is one example of an experience that exposed students to
understanding area units as a continuous unit (Piaget et al., 1960). Piaget et al. (1960) suggested
that at the age of 11 or 12, learners could begin to understand the concepts of infinity and
continuity. At that stage, teachers might introduce the idea of area as a two-dimensional
continuum. To better explain this idea, I offer Figure 14. The extreme left segments of each
figure are perpendicular and their dimensions are given. To visualize area as “reducible to lines”
(Piaget et al., 1960, p. 350), one should imagine segments parallel to the given segments and
spaced at equal intervals. Figure 14 shows the matrix generated in the first three stages of this
infinite process. The measurement of the area created by these two given segments equals a set
of segments “infinitesimally close to one another” (Piaget et al., 1960, p. 350).

Figure 12 Area as a two-dimensional continuum

Piaget and his colleagues stated that learners might understand that the area of a rectangle
is specified by the lengths of its sides, if they understand that “area itself is reducible to lines,
because a two-dimensional continuum amounts to an uninterrupted matrix of one-dimensional
continua” (1960, p. 350). According to these researchers, this definition of area is difficult to
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grasp when the only understanding of area encouraged in students is that of a space enclosed.
Therefore, emphasizing only the static understanding of area could miss two important
connections previously described by Piaget et al. (1960). These are the multiplication of two
linear dimensions to measure a two-dimensional figure and the possibility of dynamically
envisioning smaller and smaller unit squares to measure area.
Exploring research on learners’ understandings of the concept of area made me recognize
that learners have few opportunities to explore the dynamic understanding of area in schools.
Therefore, based on these research reports, and my view of the diversity of knowledge that
learners bring to bear, led me to identify the mathematics piece of this study. The emerging
concept of area that learners bring to bear when working on tasks involving real-world contexts.
This is how in this study, I suggested tasks to Lisa that provide opportunities for students to
develop a dynamic understanding of area. More descriptions of these tasks follow in the next
chapter.
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CHAPTER 4. METHODOLOGY

Narrative Inquiry as a Methodology
Chase (2005, 2011) asserted that narrative inquiry is one form of qualitative research that
is still evolving and defining itself. Chase (2011) defined narrative inquiry this way:
As meaning making through the shaping or ordering of experience, a way of
understanding one’s own or others’ actions, of organizing events and objects into a
meaningful whole, of connecting and seeing the consequences of actions and events over
time. (p. 421)
From this definition, we deduce that the main focus of narrative inquiry is to study past
experiences and construct meaning for future experiences (Connelly & Clandinin, 1988).
Particularly, in education, narrative inquiry focuses on researching teachers’ and students’ lived
experiences. In this research methodology, it is assumed that the only way to construct
knowledge of participants’ experiences is to be involved with them in their regular environments.
Narrative inquiry researchers understand that what they know about themselves and their
participants is a result of their interaction with them and the contexts around them (Clandinin &
Connelly, 2000).
Although narrative inquiry researchers have different theoretical approaches (e.g.,
Mishler, 1995; Polkinghorne, 1995), as a graduate student I have been exposed to Jean Clandinin
and Michael Connelly’s theoretical approach to narrative inquiry through readings groups and
workshops. In the following paragraphs, I describe the main aspects of this methodology based
on John Dewey’s (1938) theory of experience.
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Dewey’s Philosophy and its Impact in Education
The pragmatist philosopher John Dewey led the first school of philosophy at the
University of Chicago in 1894 (Bulmer, 1984; Schwab, 1959). Pragmatists use the language of
practice rather than theory, and action rather than contemplation (Rorty, 1982). According to
Bulmer (1984), activity was the main idea of the Chicago school of pragmatist philosophy and
was seen as “having biological, psychological, and ethical dimensions” (p. 29). In other words,
pragmatism does not consider a separation between thoughts, feelings, emotions, and actions.
Joseph J. Schwab, who also worked at the University of Chicago, described in 1959 how
pragmatism identifies problems and their possible solutions. Examples of research questions
under pragmatism include “What would it be like to believe that? What would happen if I did?
What would I be committing myself to?” (Rorty, 1982, p. 163). In terms of epistemology,
pragmatism considers science, literature, and arts equally valuable inquiries to investigate
different research questions whose answers could be expressed through propositions, narratives,
or paintings (Rorty, 1982).
As a result of the emphasis on pragmatism, the Chicago school of philosophy was well
recognized and had a great impact on developing social inquiry (Bulmer, 1984). The school of
sociology applied this philosophy by integrating practice and theory, and promoted a variety of
qualitative research methodologies (Bulmer, 1984). One example of a popular methodology at
that time was life history (or case study). Employed by sociologists such as Robert Park and
Ernest Burgess, and anthropologists such as Lawrence C. Watson and Maria-Barbara WatsonFranke, the purpose of life history was to present “the experiences and definitions held by one
person, one group, or one organization as this person, group, or organization interprets those
experiences” (Denzin, 1970, p. 220). Although life history is not a popular method anymore
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(Bulmer, 1984), at the time of its development at the University of Chicago, life history
contributed to the adoption of new elements in the traditional research process. For example,
interviews were done face-to-face, the use of documentary sources of all kinds was promoted,
participant observation became a standard, and the use of different research methods helped to
construct a multifaceted picture of the problem being under studied (Bulmer, 1984).
Contemporaneous pragmatic researchers can be tied back to Dewey. Dewey considered it
indispensable to try his ideas in situ, which encouraged him to establish the Laboratory School at
the University of Chicago between 1894 and 1904. Schwab was one of the members of Dewey’s
laboratory school, and Michael Connelly became involved with Dewey’s pragmatism while
studying with Schwab. More recently, two of Connelly’s students educated in Dewey’s
philosophy, Freema Elbaz and Jean Clandinin, became pioneers in researching teachers’ personal
practical knowledge.
Clandinin and Connelly (1992) described the time in which Dewey researched as
exceptional. For example, although teachers were not considered well educated, there was
confidence in their work, and schools were considered places of social experiment where “their
participants had something to teach theoreticians and researchers” (Clandinin & Connelly, 1992,
p. 378). In the journey of turning to Dewey’s work for their own research, Clandinin and
Connelly (1992) admitted to their struggles in imagining that at Dewey’s time schools and
teachers were not considered “potter’s clay” (p. 379). During that period, people did not feel the
authority to impose ideas on teachers. There was a common understanding and feeling that in
order to advance ideas, researchers or theoreticians needed to work with teachers and schools “in
the teachers’ terms and on the teachers’ territory” (Clandinin & Connelly, 1992, p. 379).
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I have described how Dewey’s pragmatism (Schwab, 1959) affected qualitative research
by promoting a variety of research methods such as life history. Schwab’s work and more
recently Elbaz’s, Clandinin’s, and Connelly’s are examples of Dewey’s legacy (Craig & Ross,
2008). Next, I describe the influence of Dewey’s philosophy on research in education, especially
its influence on the development of narrative inquiry as a methodology.
Curriculum and Experiences
Why is it important to study teachers’ experiences? As I mentioned in the previous
chapter, Schwab (1969, 1983) considered students’ and teachers’ experiences in schools the
essential part of curriculum. For Schwab, curriculum was more than a plan of study. He
emphasized the unique characteristics of classrooms and the incompatibility of trying to promote
standardized instruction.
The curriculum will be brought to bear not in some archetypical classroom but in a
particular locus in time and space with smells, shadows, seats, and conditions outside its
walls which may have much to do with what is achieved inside. (Schwab, 1969, p. 12)
This quote provided me with a rationale for studying a mathematics teacher’s PPK (Elbaz, 1981,
1983) and considering her experiences to be compelling—and irreplaceable in terms of place,
time, subject matter, and students.
It is important to note that Schwab’s idea of curriculum was founded on Dewey’s (1938)
theory of experience. Dewey (1938) defined two key principles: the principle of interaction and
the principle of continuity. The principle of interaction considers the objective and internal
conditions in student-teacher interactions as equally important: “An experience is always what it
is because of a transaction taking place between an individual and what, at the time, constitutes
his environment” (Dewey, 1938, p. 43). This principle provides me with a rationale for
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emphasizing the idea of uniqueness of a teacher’s experiences with her students and with me.
Everything that happens in the classroom is a result of the individual’s current experiences and
the characteristics of her environment. Therefore, I assumed that as a result of the interaction
with different classes and the school milieu, the mathematics teacher’s practice varied even in
the same day. Moreover, the study of teachers’ experiences is exhaustive and rigorous. For
example, it is not the study of any random experience lived by teachers in schools. Dewey’s
principle of continuity establishes that every experience is constructed as a result of previous
experiences and that this, at the same time, interacts with the quality of future experiences.
Considering this principle as a guide in my research, I identified and studied those experiences
that elicited something lived before and changed something that followed in the context of
teaching mathematics.
As Elbaz (2010) described, Clandinin and Connelly’s background and experiences
working in schools motivated them to establish and base narrative inquiry on Dewey’s theory of
experience (Connelly & Clandinin, 1990). In the next part, I describe this research methodology
in more detail.
Narrative Inquiry in K-12 Education
Connelly and Clandinin coined the term narrative inquiry as a phenomenon and method
in 1990, writing, “The main claim for the use of narrative in educational research is that humans
are storytelling organisms who, individually and socially, lead storied lives. The study of
narrative, therefore, is the study of the ways humans experience the world” (Connelly &
Clandinin, 1990, p. 2). While Connelly and Clandinin are well known for studying lived
experiences, Elbaz was a pioneer in conceptualizing experience and using research methods that
highlighted the values and purposes of both researcher and participant (Clandinin, 1985b). In
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terms of methodology, Elbaz (1981) adopted a position that both valued teachers’ practices and
addressed her biases in the process of implementing and communicating her research.
In 2000, Clandinin and Connelly described this methodology in more detail:
Narrative inquiry is a way of understanding experience. It is a collaboration between
researcher and participants, over time, in a place or series of places, and in social
interaction with milieus. An inquirer enters this matrix in the midst and progresses in the
same spirit, concluding the inquiry still in the midst of living and telling, reliving and
retelling, the stories of experiences that make up people’s lives, both individual and
social. (Clandinin & Connelly, 2000, p. 20)
In this definition, Clandinin and Connelly (2000) made the importance of the relationship
between researcher and participants explicit. It is through a collaborative relationship that the
researcher is able to study participants’ experiences. In terms of knowledge construction, it is the
interaction between the researcher and participants, time, and place that determine its nature. For
example, a conversation between the researcher and participant in the classroom might produce a
different construction of knowledge than a conversation carried out in a parking lot.
Temporality, sociality, and place constitute what Clandinin and Connelly (2000) defined
as the three-dimensional inquiry space. These three dimensions are considered guidelines, or a
framework, for narrative inquirers. They allow researchers to navigate from field to research
texts (i.e., from data to the final manuscript). In narrative inquiry, researchers must be attentive
to the interaction of time, place, and social contexts that surround the participants’ experiences.
Craig and Ross (2008) asserted that Schwab’s common places of curriculum (i.e., subject matter,
students, teachers, and milieu) motivated Clandinin and Connelly to establish the threedimensional inquiry space as a research framework. Furthermore, Clandinin and Connelly (2000)
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complemented their three-dimensional framework by adding directions inspired by Dewey’s
theory of experience. As Clandinin (2013) explained, “We think simultaneously backward and
forward, inward and outward with attentiveness to place” (p. 41). The inward and outward
directions are related to the social dimension. The inward direction refers to internal conditions
such as feelings and hopes, and outward refers to the environment. The temporality dimension is
linked to the backward and forward directions. These refer to the interaction of past, present, and
future experiences as established in Dewey’s principle of continuity. These two dimensions and
directions are in interaction with place.
Therefore, for narrative inquiries in the field, Clandinin and Connelly (2000) suggested
researchers be attentive to “both personal and social issues by looking inward and outward,” and
temporal issues by considering their influence with past and future.
Narrative Inquiry in Mathematics Education Field
In the mathematics education field, researchers who have cited Clandinin and Connelly’s
studies have done so to support the use of stories as a research method (e.g., de Freitas, 2008;
Drake, 2006; Foote & Bartell, 2011). Drake (2008) asked elementary mathematics teachers to
share key events in their lives as learners and mathematics teachers. In this study, teachers
examined their positive or negative experiences as learners, and the relation of these experiences
with their mathematics teaching. Foote and Bartell (2011) interviewed mathematics education
scholars and analyzed their stories to identify the interaction between the scholars’ life
experiences and their positionality with respect to research. de Freitas (2008) also used narrative
inquiry as a research method. The author asked prospective mathematics teachers to write an
auto-ethnography of their past experiences and zoom in on moments that were highly emotional
for them.
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Some examples of studies where researchers have used narrative inquiry as a
methodology are Ross (2003), Sack (2008), and the dissertation studies led by Keazer (2012) and
Sack (2005). Ross (2003) narrated her experiences as part of an elementary mathematics
classroom that she often visited. She described her analytic journey of passing from field to
research texts. Sack (2008) wrote about the tensions involved in developing and sustaining
mathematics teacher communities in high schools. In her role as manager, she narrated her story
using Schwab’s common places to resolve conflicts between a professional developer and
program participants. Keazer (2012) described her experiences leading an action research group
where teachers examined and tried to implement curricular recommendations for reasoning and
sense making (NCTM, 2009). In her dissertation study, Sack (2005) described her experience
working as a researcher and professional developer in a high school mathematics department.
Particularly, Sack related her story of facilitating collaborative work among geometry teachers
who voluntarily wanted to improve their classroom practices.
My Story in the United States and the Benefits of Using Narrative Inquiry
As soon as I decided to start my graduate program in the United States, I knew that one
of the most important goals of the PhD would be to learn how to do research in mathematics
education. As a former Chilean secondary mathematics teacher, it was natural for me to look for
a local school with which I could be involved. I assumed that by being in the field, I would
experience the American educational system and learn from a local mathematics teacher. After
exploring the history of narrative inquiry, its relationship to pragmatism, and how it has been
used in education, I now know that I did, and am still doing, what people did in Dewey’s time. I
assumed that the school community has something to teach me, and that my interaction with
teachers and students might prompt possible research questions. Being in the field and learning
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about research at the university were physical and intellectual places that drove me to my topic
of inquiry: a mathematics teacher’s personal practical knowledge.
Working with a local teacher provided me with a physical and intellectual place where I
constructed new perspectives that allowed me to appreciate teachers’ experiences as unique and
interacting with their mathematics knowledge. Even though I am a former mathematics teacher, I
was not aware of all the sources of knowledge that teachers use daily. Before, I did not value
teachers’ work as much as I do now. At the beginning, I thought that I had empathy for teachers
purely because I was aware of all the work they have to do in classrooms, but now I see teachers
as professionals who hold and use knowledge that cannot be conveyed or modeled because it is
always evolving according to the unique characteristics of students and the school environment.
My work at the local American school has been mainly a collaborative work, during
which I showed myself as willing to learn and to serve as a resource for students and the teacher
(Suazo, 2016). Unintentionally, a collaborative partnership flourished and has been rewarding
both for the teacher and for me. I have learned about the mathematics teacher as a person and as
a professional, and because of our collaborative relationship, I have had access to her knowledge
that often is invisible for people outside the profession. I have also reflected on my previous
experiences teaching mathematics and have achieved new understandings of the teaching of
mathematics. For her part, the teacher has had opportunities to implement new mathematics
lessons, which have allowed her to broaden her repertory of lessons and learn more about her
students’ thinking.
At the time of proposing my dissertation study, I considered narrative inquiry as the
methodology that best allowed me to carry out my research: the study of an eighth-grade
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mathematics teacher working with curriculum materials and why, and how, her decisions and/or
actions are evidence of her PPK (Elbaz, 1981, 1983).
Narrative inquiry methodology allowed me to include my memories of working as a
teacher in Chile and my previous conversations and experiences working with this teacher as part
of the field texts. It also provided me with the three-dimensional inquiry space (Clandinin &
Connelly, 2000) with which I examined my reflections, feelings, and hopes, as well as the
atmosphere of an experience (i.e., inward and outward); my work with the teacher, but also our
past experiences (i.e., temporality); and their interactions with the physical place where those
experiences were lived. In terms of implications, this methodology permitted me to think about
how my collaborative work with the teacher could contribute to the creation of future
collaborations among other teachers and researchers.
Portraying Mathematics Teachers as Curriculum Makers
In this study, I positioned the eighth-grade mathematics teacher as a person holding a
type of knowledge that was intertwined with her experiences and emerged in the classroom as a
result of the interaction between the students, teacher, and characteristics of the place. Under this
assumption, the experiences of teaching and learning of mathematics were unique for the
students and their teacher. Thus, a researcher coming from outside will not necessarily have the
insights that the teacher has regarding her students and place. This made the teacher’s and my
knowledge different, and it provided us with an opportunity to learn from each other.
This is why in this research I planned to work with Lisa, considering myself a learner of
her knowledge. In other words, I tried to avoid thinking about fixing, judging, or evaluating her
knowledge, but rather aimed to learn from it, as I learned different theories in my graduate
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courses. I also tried to understand Lisa’s perspective on why she did what she did while teaching
mathematics.
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CHAPTER 5. EXPERIENTIAL METHODS AND ANALYSIS OF FIELD
TEXTS

Experiential Methods
Participants and Settings
The participants in this study are an eighth-grade mathematics teacher from a Midwestern
school and the author. In the following, I use the words teacher and teacher-participant
interchangeably, as well as author and author-participant. Since the spring of 2014, the
participants have collaborated through the creation and implementation of tasks (Suazo, 2016).
The teacher, Lisa, had 28 years of experience working in the school and teaching courses such as
regular mathematics and algebra I. I taught secondary and college mathematics for six years in
Chile, and as a mathematics educator in the United States, I have provided professional
development for middle school mathematics teachers in the summers of 2014 through 2017.
Having only one teacher in this study is not seen as limiting (for other examples, see
Clandinin, 1985; Elbaz, 1981; Heaton, 2000; Lampert, 2001) because the goal of this study is to
explore in depth this particular teacher’s PPK. Although this study narrates a particular
mathematics teacher’s PPK when implementing a task involving the concept of area, I hope that
the constructed narrative resonates with other researchers and teachers (Conle, 1996).
In addition to our collaborative relationship, Lisa was committed to her daily work,
willing to participate, and fluent in the articulation of her ideas and points of view. I considered
Lisa’s work interesting and believed that our relationship allowed me to identify and be receptive
to the discussion of feelings of comfort or discomfort that she experienced during the study.
To formally position Lisa as another researcher in my study, I decided to have her as coresearcher. This meant that I did not recruit her for my study, but she volunteered to be part of it.
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At the same time, in terms of Institutional Review Board’s protocols, Lisa had the authority to
decide what to do in this study. Even though the official document was more important for the
Institutional Review Board than for us, I reminded Lisa about her “official role” in my study
every time that she felt guilty for not having time to work with me, or being unable to do what
we planned to do. I always said to her, “remember that you are the other researcher in this
study.”
Field Texts
As I mentioned before, I started working with Lisa in the spring of 2014. However, in the
spring of 2017 I had the Institutional Review Board’s permission to start constructing field texts
for my dissertation study. Transcripts of conversations, a personal journal, and students’ written
work were the sources for composing field texts. In mainstream research language, field texts
constitute the data. Compiling and reading field texts permitted me to take some distance from
the ground and reflect on my research experience. My story passing from field to research texts
is described later in this chapter.
Conversations. Conversations instead of interviews happened in this study; this is
because conversations avoid the uneven power dynamic of interviewee and interviewer. Also,
holding conversations reduces the risks involved in shaping relationships. In conversations,
listening and equality highlight the relationship between the researcher and participants
(Clandinin & Connelly, 1994).
The following conversations took place in this research: a conversation about the
chronicle at the beginning of the study, conversations during the planning of lessons, a follow-up
conversation at the end of every day of implementation, and one conversation outside of the
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school. Our voices were recorded whenever we conversed. If someone showed up in Lisa’s room
or Lisa received a phone call, I stopped recording to respect her privacy.
Although the planning and implementation of lessons was the primary focus of our
conversations, whenever I was with Lisa, I tried to be my authentic self. This meant that if she
started talking about an experience outside of the school or wanted to share with me something
unrelated to the lesson, I followed her energy, as I would with a relative or friend. Similarly,
when I did not feel good, I shared with Lisa my feelings. For example, my baby was three
months old when I was implementing this study. At some points, my baby did not eat at all while
I was away from home. I shared that concern with Lisa, and she listened to me and even offered
some advice. Using Dewey’s (1938) words, in the field, I tried to pay attention to subjective and
objective conditions. Following the same approach, whenever I asked questions, I tried to frame
them according to these four directions: inward, outward, backward, and forward (Clandinin &
Connelly, 1994). The table below presents some examples of questions.
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Table 1: Questions within the 3D inquiry space
Direction
Inward

Description

Question

Conversation about feelings and “How were you feeling?”
hopes experienced by the

“What was exciting?”

teacher and researcher during

“What was intriguing?”

the event or implementation of
the lesson

Outward

Conversation about the

“Where were you? Who else was with you at

conditions of the environment

that moment?”

where the event occurred

“What was happening today that you think
interacted with students’ thinking or actions?”

Backward

Conversation related to

“What are your current thoughts about the

and

temporality: past, present, and

class? How do you see this experience in

forward

future

relation to the next class?”
“What happened the day before, and how do
you see that related to this class?”
“Select a moment in the lesson: what were
you anticipating was going to happen next?
How do you think that interacted with what
you asked students to do?”

In the following paragraphs, I provide a summary of the happenings during my 16 days
with Lisa. I hope this provide the reader with a general view of our conversation topics.
Day 1. In the school, we read together a document called an Information Sheet (see
Appendix A). This was essentially a contract required by the Institutional Review Board’s office
that described the tasks and duties of the two of us during the study. For example, it contained
the purpose of the study, a description of the time spent in the field, possible risks and benefits,
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and my commitment to keeping Lisa’s and her students’ information confidential. In this
meeting, we also established a time frame that worked for both of us. We decided that I would be
with Lisa in periods one and four. In periods two and three, Lisa had planning time and, every
other week, a meeting with her colleagues. Our conversations were longer on the days without
the meeting. This time frame also worked for me because after period four, I could leave the
school to nurse my baby or attend meetings related to my research assistant work.
In this first meeting, I also shared with Lisa my chronicle (see Figure 15). I constructed a
timeline that represented my teaching life divided into moments or segments by events, years,
places, or significant memories (Clandinin & Connelly, 1994). For example, I shared with Lisa
my experiences as a child learning the division algorithm with my father. As a teenager, teaching
geometric to my cousin and helping my high school classmates with mathematics. My goal was
to share with Lisa other aspects of my life as a daughter, learner, and becoming mathematics
teacher. After sharing my teaching story with her, I asked her to share hers in our next meeting.

Figure 13 Elizabeth’s Chronicle
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Day 2. Lisa shared her teaching story. I also brought a picture of my last group of
Chilean high school students (see Figure 2) so I could talk with Lisa about my experiences
teaching at the high school. In this meeting, we had another opportunity to talk about the
personal and academic experiences we felt shaped us, or defined the ways we taught
mathematics at the time of this study. In this meeting, we also talked about how we used to plan
lessons before we started working together and how we saw the community around the school
interacting with the work in our previous or current schools.
Day 3. This was the first day that we started planning a lesson. I shared with Lisa two
lessons: the speed trap and density population lesson. A description of each lesson follows.
The speed trap lesson was extracted from McClain and Cobb’s (2001) study. The
students are provided with two sets of data representing the speeds of sixty drivers on a particular
busy highway before and after a police speed trap was placed (see Figure 16). In the lesson,
students are asked to determine whether the speed trap was effective. To compare these two data
sets, students could define a representative unit that applies to both. McClain and Cobb (2001)
commented that when students focused on the “‘hills and reasoning about the shift in the hill” (p.
117), they began envisioning the data set as global and therefore used multiplicative thinking to
analyze the data and provide an answer.

Before
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After
Figure 14 Representation of the drivers’ speed before and after the speed trap. Extracted
From McClain and Cobb (2001)
The other lesson that I shared with Lisa was the Density population lesson. This lesson
was extracted from the MiC curriculum (Romberg & De Lange, 1998). Students are provided
with a picture of a flock of snow geese (see Figure 17), and they have to think of a way to
estimate the total number of geese in the picture. To solve the problem, students could select a
representative region of the picture so that they could iterate it over the whole area to estimate
the number of geese.

Figure 15 A cloud of snow geese. Extracted from Romberg and De Lange (1998)
In these lessons, students are provided with situations in which they have to define or use
an area unit to make inferences from existing data (i.e., comparing two data sets or determining a
population density).
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At the end of this day, I asked Lisa to bring new lessons or ideas for the following
meeting.
Day 4. We started planning the implementation of the two lessons discussed the day
before. However, Lisa started looking for in her textbooks for other lessons. At the end of this
day Lisa remembered the Miniature golf course lesson and suggested me to implement it. A
description of the lesson follows.
In the Miniature golf course lesson students are asked to layout a golf course in an area
with dimensions 56 by 65 feet. The golf holes’ shapes, quantities, and dimensions are provided.
The next page includes the information we shared with students via their tablets. We did not
print the whole handout, but we gave them a printed copy of the shapes.
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Mini Golf Course Information

Please read the following article:
http://www.thedailytimes.com/news/local-friends-revive-mini-golf-intownsend/article_cce00ec7-b7db-5e50-9e98-b403bddc3068.html

Chris Kilby and Brian Thompson decided to build a new 18 holes miniature golf course.
Because they have their regular jobs, they are asking us for help. The miniature golf course will
be located in a space with dimensions 56 feet by 65 feet. Mr. Kilby and Thompson’s
requirements are the following:


The end of each miniature golf hole must line up with the beginning of the next hole



It has to be attractive to people



It has to have green space



It has to have 18 holes



It has to fit in the given space

You must write a letter to Mr. Kilby and Thompson telling them how to layout their
miniature golf course. In your letter be sure to include the description of how you laid out this
miniature golf course so that they can use your procedure in the future. You also have to provide
the area of the green space, so that they can buy sod grass for it.
The shapes and dimensions of the 18 holes are on the next page. The shapes are not
drawn in scale.
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3 holes of this shape

2 holes of this shape

3 holes of this shape

2 holes of this shape
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3 holes of this shape

2 holes of this shape

3 holes of this shape
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Day 5. This day we talked about the curved shape of the Miniature golf course lesson.
Lisa also brought her quilt and we spent part of the day talking about it.
Day 6. We looked at previous students’ work about the miniature golf course lesson. I
asked Lisa questions to better comprehend her understanding of the concept of area in the lesson.
Day 7. I shared with Lisa my concern about the lack of focus on the concept of area in
the miniature golf course lesson. Lisa suggested asking about the available green space.
Day 8. This day was Lisa’s birthday so most of our conversations were related to her
birthday. We did finish planning the miniature golf course lesson so that we were ready to
implement it the next day. I also shared with Lisa the Brownie lesson. A description of the
brownie lesson follows.
In the Brownie lesson students are provided with the following prompt:
“I made a rectangular pan of brownies for us today! Before I could bring it to our
meeting, my husband cut a brownie out of the pan. I wanted to share the brownies with
you and my family. Can I share the brownies between the two groups by making only
one straight cut? How?” Students have to describe one cut they could make.
Day 9. This day was the first day of implementation. The school’s schedule was rearranged
because of the implementation of a standardized test. We extraordinarily had 90 minutes with
the same group of students. Lisa launched the lesson and organized the groups, and students
started working on the miniature golf course lesson.
Day 10. I helped Lisa to write a teaching statement letter while students were working on
the task. We realized that students from different classes were approaching the lesson in different
ways.
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Day 11. Because we were worry about time, we encouraged students to think about more
efficient ways to work on the project so that they had enough time to finish it.
Day 12. This was the first day off from the lesson. We spent time planning the next day.
Lisa asked me to be in charge of the groups for the next class. She brought blueprints so I could
share them with the students the next day.
Day 13. I taught first period, and Lisa came in the second period to talk about my lesson,
specifically about Kerrie’s group interaction.
Day 14. Because of taxes and testing time, this day was one of the most stressful days
with Lisa. We talked about students’ struggles with given shapes. Two students asked Lisa about
the area of the curved shape after working on it two weeks ago.
Day 15. We met in a café to talk about the lesson and our work together to far. We
planned the final day of the lesson. I had some questions and comments for Lisa that I wanted
discuss in this meeting. Below are the notes I shared with her that day.
•

Tell me about your job in the career center. Are you excited about it? Why? (I see this as
connected to the community, do you? How so?)

•

In terms of mathematics knowledge or content knowledge, do you think we understand
mathematics concepts in the same way? (I’m coming from Chile, but also I might have a
different understanding of mathematics)

•

Do you think that you are the kind of person that like to be connected with different
people so that you get the best of them? I feel like you are because I remember when you
went to that conference in Boston, you didn’t know about Boaler, but know you are using
her terms. For example, mathematics is messy and it is good to struggle in mathematics. I
think that that way of being has been helping you to be the teacher that you are today. For
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example, being in the school for 28 years. (I see this as the main component of her
knowledge).
•

How we negotiate? What are the things that each other have set aside? (Our relationship)
Day 16. This was the last day of the miniature golf course lesson; students were provided

with the curved shape and asked to approximate its area.
My Journey Reading and Highlighting the Field Texts
In the following paragraphs, I describe the process of analysis that I implemented
regarding the field texts. Transcripts of my conversations with Lisa and my personal journal
constituted the field texts. In the following pages, I describe my personal experience doing the
analysis and how the main stories were constructed from my reading of the field texts. In order to
keep the narrative of the analysis uninterrupted by technical descriptions, I created a section in
this part of the manuscript called Experiential Methods Notes (Clandinin & Connelly, 1994).
This section contains what I call technical information about the field texts: for example, number
of pages transcribed, procedures to manage the field texts physically and in a software manager,
and descriptions of the topics of my conversations with Lisa.

The reading of the field texts took me on a journey to different places and different times. It took
me back to my home country when I was teaching calculus, to a conversation with an
undergraduate student. Into my childhood experiences and a conversation with my father. It took
me back to my first year as a PhD student in the United States and our class discussions about
what research is. It took me back to my interactions with Lisa four years ago when I was
becoming part of her place. The reading of the field texts also helped me to realize all the
negotiations Lisa and I experienced. It took me back to a year ago when I wrote my dissertation
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proposal. At that time, I thought about all the teachers I met and how I envisioned this study with
Lisa as a way to recognize them. I sought to recognize the current teachers I met during my
graduate studies and the potential teachers with whom I can collaborate in the future. Finally,
reading the field texts made me think about the possible implications and contributions of this
study to the field of mathematics education.

The reading of the field texts reminded me of previous lived experiences with Lisa and
triggered new understandings of her teaching practice. For example, I have been curious about
all the materials Lisa has in her room. I never really knew the reasons she had them. I just
thought she liked to have a variety of objects. Reading our conversations, I understood that
Lisa’s use of manipulative materials is a way to bring the outside into the inside. She spent the
first ten years of her childhood living in the countryside and the first 15 years of her teaching
planning lessons that incorporated field trips. At the time of this study, the conditions of the
school did not allow her to do these types of lessons. Thus, she found in manipulative materials a
way to mimic being outside.
The reading of the field texts also made me reflect on something that I did not think while
I was with Lisa. For example, when Lisa and I talked about a specific group interaction, I did not
realize that Lisa and I had different perspectives, or cared about different things, until I read the
transcripts of this conversation. This episode helped me to understand something about myself as
a mathematics teacher. I am always curious to learn mathematics and about the reasons students
do not engage in mathematics classes. The reading of this conversation took me back to my
experience teaching college freshmen and high school students in Chile.
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Considering teachers as professionals is another new reflection I had while reading the
field texts. Reading our conversation in a local cafe, I understood that Lisa’s involvement in the
career center project was related to her need to be recognized as a professional. Participating in
that committee made Lisa feel listened and representing her students’ needs. Similarly, in my
work with her, she acknowledged a bigger picture. She perceived that through my study she
could reach more people than when teaching mathematics within her four walls. Recognition is
something that Lisa is eager for, and this drives her engagement in different projects (e.g., career
center, school extra duties).
Another aspect that I came to understand while reading the transcripts for the first time is
the constant negotiation that Lisa and I experienced. We never stopped negotiating, from making
a decision about the lesson to be implemented, to selecting meeting times and deciding the next
and last step in our lesson. Moreover, time was a huge constraint while we were together. For
example, I had a three-month old baby I was nursing, and it was testing and taxes time. Reading
the field texts, I became aware of a day when Lisa was really stressed out. This reminded me that
when I interacted with her, I was mindful of her time, and sometimes, I decided to set aside my
research. Reading our conversations was a powerful way to see her commitment to my study and
the efforts she made to be with me.
The reading of the field texts also made think about thoughts that I had while I was in the
field with Lisa. As she talked about the reasons why teachers stay in education, according to her,
money was not one of them. When I was reading this comment, now away from the field, I
thought about how my research can resonate with other researchers who would like to engage in
conversations with mathematics teachers to explore their knowledge. This made me think about
my research as constructivist. This reflection was not new, I had it when I was in the field and
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included it in my journal. Now, the reading of my conversations with Lisa brought it back to my
mind. My project could be another example of a constructivist research, like D’Ambrosio (1997).
Experiential Methods Notes
During the implementation of this study, I was with Lisa while she was teaching two
groups of students and during her 45-minute free time between the two groups. I transcribed 15
conversations with Lisa that lasted between 20 and 127 minutes. Some of these conversations
occurred while we were with students. One conversation happened outside of the school, in a
café. I fully transcribed all our conversations word for word. However, some usual words such as
oh, yeah, and mmm were not always transcribed. I also registered the time when we had
noticeable silence (more than about seven seconds). I created one file per day or conversation
transcribed. As I finished transcribing the audio files, I added a summary of what happened in
that conversation in an Excel file (See Table 2). This process generated a 362-page file in 1.5
line spacing.
I copied all the transcribed conversations into a single file, printed it, and kept it in a
binder. In my first immersion into the field texts, I read the physical copy of this file. As I was
reading, I highlighted parts of our conversations. I highlighted conversations about students,
teaching of mathematics, our surroundings, and us as learners and teachers. To remind myself of
my reflections and thoughts as I was highlighting, I made notes to myself in the margins of the
transcripts. Then, I used NVivo to organize and digitize the highlights of my conversations with
Lisa. I classified all the highlighted conversations that had similar topics in sets and assigned
names to the sets (the sets are called nodes in NVivo). This process took place as I was entering
the highlights, previously made manually, in NVivo. For example, all our conversations related
to group work were placed in a set that I called group work. This process generated 33 sets of
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conversations. I reread the conversations within the 33 sets, and I decided to group some sets of
conversations. For example, I grouped all the conversations related to teaching mathematics. I
explain this in more detail in the next paragraph. I also decided to merge some of the sets of
conversations. For example, I decided to merge two sets, balancing our personal interests and
long lasting relationships, because in a second lecture I saw them as related. I renamed this new
set of conversations relational practice. I also eliminated one set of conversations called
implementation. I created this set to keep track of the conversations that took place while being
with students.
In general, I decided to keep the sets that were more representative of my experiences
with Lisa. I mostly considered the conversations that were about our previous and current
experiences working together, teaching mathematics, students’ understandings and interactions,
our understandings of the lesson, and our personal experiences before our encounter. This
process bred 18 sets of conversations, 11 sets about teaching mathematics and 7 sets of other
types of conversations. Finally, 895 overlapping pieces of my conversations with Lisa
constituted the field texts of my study (see summary in Appendix B).
The set of conversations called features of teaching mathematics is the only set that
contains 12 subsets of conversations. At the beginning of this analysis, these subsets existed by
themselves. However, after rereading them, I realized that they had the teaching of mathematics
in common, so I created them as subsets of the set called features of teaching mathematics. After
I reread these subsets, I merged experiencing the lesson with students no bias with listening to
students. I identified these two sets of conversations as connected, related to engaging with
students and their thinking about the task. I considered that engaging with students included
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listening to them and believing in their concerns and questions. This encouraged me to rename
this new set of conversations as listening and believing.
The subset called humanity was eliminated because the conversations contained in it were
incorporated into my personal narrative. Other subsets were eliminated because the
conversations in them happened just one time during the study and I consider them as isolated
conversation topics. I also renamed the set called previous and future experiences with lessons as
continuity of experiences in light of the term used in Dewey’s (1938) theory of experience.
Therefore, the set of conversations called features of teaching mathematics ended with six
subsets.
This analysis process allowed me to have streamlined, but still representative, sets of
conversations to be incorporated into my narrative. For a description of each set of conversations
see Table 3. Table 3 shows the last two instances of analysis described in the previous paragraph.
The right column contains the final sets of conversations. The names of the final sets of
conversations are the following: Lisa’s ways of knowing, ongoing negotiation, relational
practice, changing places, features of teaching mathematics, Lisa's learning process,
mathematics involved in the lesson, and my learning process with Lisa. The features of teaching
mathematics set of conversations has the subsets: Barbara moment, bringing the outside into the
inside, listening and believing, group work, continuity of experience, and teacher recognition. I
considered these conversations as my path or outline to write the narrative. These topics of
conversation were supported with my personal journal entries whenever it was possible.

Table 2: Field texts summary
Day

Time
*

1 19-Jan

Phase
Research
paperwork

2 26-Jan
3 2-Feb
4 7-Feb
5 9-Feb

Chronicle
Planning
Planning
Planning

45’
43’
37’
40’

6 14-Feb

Planning

46’

7 16-Feb
8 21-Feb

Planning
Planning

9

10

1-Mar

Implementation
& Debriefing

6-Mar

Implementation
& Debriefing

7-Mar

Implementation,
no teaching but
debriefing

General Description
Institutional Review Board documents and timeline of the study
We talked about our experiences as learners, both coming from the countryside or poor
areas. Teaching experiences, challenges that we faced, e.g., Lisa took students on field
trips, and I had conversations about life with my students.
Conversation about possible lessons: speed trap, population density, etc.
Mini golf course lesson introduced by Lisa.
Conversation about the quilt in part one and the curved shape for the golf course project.
Seeing previous years’ examples and talking about Lisa’s understanding of area in the
project.

25’ Talking about area in the project and green space.
53’ Lisa's birthday. A few details and the Brownie problem.
Engineering elements brought to the lesson. Lisa recognized the difficulty of finding the
area of a curved shape. We had a great conversation about units and the importance of
127’ teaching them.
Science fair awards, and the need to scale down the design on a poster board for future
presentations. I also helped Lisa write an academic letter. We talked about the different
types of learners and how they attacked the problem differently. Lisa used the metaphor of
101’ the brain to refer how our brain works to make connections.
We interacted with students and helped them to think about a more efficient way to start
working and finish the project. We realized that we had completely different ideas about
how to approach the problem. Lisa was so impressed by students’ reactions that we talked
outside of the room while students were working. In the debriefing, we talked about the
use of graph paper and how we constrained students or led them to think in a particular
way. Lisa realized that students wanted to count blocks and not measure. I realized that
93’ was connected to the idea of continuous units.
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11

Date

12

8-Mar

Implementation
& Debriefing

Lisa brought blueprints to the class so that I could use them for the next class. I was in
20’ charge because she was in a meeting.

13

9-Mar

14

15Mar

Final day
implementation
& debriefing
Conversation
after
implementation,
planning

15

28Mar

Conversation in
a Cafe

I taught first period, and then Lisa came for the next period. We talked about how the
82’ lesson went. I told her about my impressions about Kerrie and the use of blueprints.
Crazy time for Lisa because of taxes, her daughter, and her job. We were interrupted three
times, and she sounds very stressed. We talked about the struggle that students had with
the napkin sketches. Two students asked Lisa about the area of the curve problem after
45.5’ working on it two weeks ago.
We talked about the career center as part of Lisa's knowledge of the community. We talked
as learners of the area concept and how our knowledge was disrupted by our interactions
with students. I see that our motivation to learn or understand the concept of area better
91’ was motivated by our relationship with students and the teaching of mathematics.

3-Apr

Implementation
area of the
curve problem

We worked on the area of the curved shape, and students were all engaged. We also talked
about students’ confidence in their thinking; one student came up with an original idea for
92’ counting area units.
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Table 3: The last two rounds of analysis of conversations
Conversation Topics: First Naming and Grouping

Conversation Topics: Second Naming and
Grouping
New name: Lisa’s ways of knowing

Lisa described how she knows if students solved the problem in an

Same description
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Aha moments: Lisa’s ways of knowing

appropriate way, or, after interacting with students, talked to me about
what she understood by interacting with them.
Balancing our personal interests

New name: Ongoing negotiation

Instances where Lisa and I negotiated our personal interests and had to

Same description

make decisions about what we were going to avoid or include in the
lesson.
Being honest and taking care of ourselves

New name: Relational practice

Instances when we were honest, saying things such as “I don’t like [this New elements: This set of conversations now also includes
or that]” or “I didn’t understand what you said to me.” Lisa also

Lisa’s stories of working with others.

explained to me some English meanings that I couldn’t understand.
Changing places

Same name and description

We both experienced culture shock in different episodes of our lives:
Lisa, coming from the countryside to the city. Me, coming from Chile
to the United States.
Features of teaching mathematics

Same name and description

Lisa and I talked about things that are important for the teaching of
mathematics; here I select some of them.
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Implementation

This set of conversations was eliminated.

These episodes happened while implementing the lesson.
Lisa's learning process

Same name

Episodes where Lisa explicitly said that she learned something by

New description: Episodes where Lisa explicitly said she

being with me.

that learned or became aware of something while we were
interacting.

Long-lasting relationships (Lisa’s relational practice with others)
Lisa, as a person who appreciates being connected to others and learns

This set of conversations was merged with the new group of
conversations renamed Relational practice.

from everybody around her.
Mathematics involved in the lesson
Conversations about the mathematics topics involved in the lesson.

Same name and description

My learning process with Lisa
Things that I learned or am more aware of now because of Lisa.

Same name and description

Aha moments: Lisa’s ways of knowing
Lisa describe how she knows if students solved the problem in an

Same name and description

appropriate way, or after interacting with students, she talked to me
about what she understood by interacting with them.
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Features of Teaching Mathematics: First Naming

Features of Teaching Mathematics: Second Naming

Barbara moment: Let students to struggle

Same name and description

We talked about the Barbara’s moment four years ago. Barbara cried
because we didn’t tell her how to solve a problem. We experienced
similar episodes during this study and we started using this language to
refer to them.
Cross curriculum activities (bringing the outside to the inside) New name: Bringing the outside into the inside
parallel to being outside

Same description

Description of her first years teaching mathematics and how nowadays,
she is trying to replicate those experiences being outside within the four
walls that surround her class (inside).
Experiencing the lesson with students no bias

New name: Listening and believing

Here we talked about thinking with students about the problem, being New description: Conversations about thinking with
truly interested in their questions and concerns.

students and being truly interested in their questions and
concerns.
Lisa

describes

what

her

priorities

when

teaching

mathematics are. I see this in line with Schwab’s definition
of curriculum. Here, there are also episodes when Lisa
listened to students’ questions, comments, or ideas. This
encouraged her to change some things or think in new
ways.
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Giving power to students

This subset was eliminated

Ask student to explain something to the class or give them authority to
make decisions. It could their thinking process or instructions.
Group work

Same name and description

Lisa is intentional in letting students to work in groups and talk about
their ways of thinking about a problem.
Humanity

This subset was eliminated

Teaching mathematics for us is also about promoting humanity among
students.
Listening to students

This group of conversations was merged with

Lisa describes what are her priorities when teaching mathematics. I see Experiencing the lesson with students no bias and
this in line with Schwab’s definition of curriculum. Here, there are also renamed as Listening and believing.
episodes when Lisa listened to students’ questions, comments, or ideas.
This encouraged her to change some things or think in new ways.
Mathematics problems to engage students

This subset was eliminated

Here we discussed the things that we appreciate about mathematics
problems in light of students’ engagement. For example, we like to
scaffold problems. Or how we present tasks so that we engage students.
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Multiple paths and representations

This subset was merged with manipulative materials

Lisa described the orange square problem that she likes to pose at the
beginning

of

the

school

year.

Having

multiple

paths

and

answers/representations is something that Lisa likes to do in her class.
Previous & future experiences with lessons

New name: Continuity of experience

I realized that Lisa loves doing things that she remembers students had Same description
fun and were interested on it. But Lisa also thinks about the next lesson
students will experience with her or in future classes (e.g., high
school).
Teachers Recognition

Same name and description

Teaching mathematics is rewarding for teachers. I love when students
show appreciation for what you do, Lisa loves being recognizes by
students at the supermarket or being part of the career center meeting.
Being in the school, many students are not aware of the type of work
that teachers do, for example, in designing a lesson.
Use of technological devices, resources, or tools

This was incorporated in Bringing the outside into the

Here we discuss the pros and cons of using computers, graph paper, inside set
and poster boards.
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My Journey With Qualitative Analysis Software
The researcher in me started getting confused in this part of the dissertation study. There were
too many highlights in the conversations, too many stories to tell. How was I going to represent
all the stories? How were the stories connected? Were they connected? Was I missing
something? How should I decide what to narrate? Should I decide what to narrate? How would I
know? Did I have to have a mainstream narrative? Was I being too general? Was I being nonacademic? Was I being too positivist? Was I being a narrative inquirer?

This illustrates the time when my self-researcher decided to have extra help to organize
the highlights of my conversations with Lisa. By using qualitative analysis software, I was able
to have in one file all the conversations that I highlighted in my first analysis. This also made
easy the organization of the field texts. For example, I knew the main topics of my conversations
with Lisa. I also used the qualitative analysis software to create a geometric representation of the
field texts (see Figure 18). Furthermore, having all the field texts in digital form made me feel
more legit as a researcher. I was worried that people in mathematics education would consider
me less rigorous if I would just read the transcripts several times or work on the printed version
of the conversations.

Figure 16 Visual representation of the topics of conversations created with NVivo

133
If I would have to name this second round of analysis, I would call it Schizophrenic
dialogues between a mainstream and a narrative researcher. As I was grouping my highlights in
the software, I had to assign names to these new sets to be able to have all of them together in
one file. The mainstream researcher inside of me would call this coding. However, the emerging
narrative researcher detested the word, and the action of selecting and assigning clusters and
nodes to the field texts. I found myself hosting a debate between a mainstream researcher and a
narrative inquiry researcher, both part of the same person. I have been aware of the rigor my
study needs so that people in mathematics education recognize it. After reading the field texts for
the first time, highlighting, and making memos, I used qualitative analysis software to digitalize
the first analysis. Once the field texts were in this software, I was tempted to start doing
triangulations and studying the frequencies of the conversation topics. Here is where my advisor
re-centered me, saying something like, “You don’t need to be dissecting data. This is a narrative
inquiry study.” This conversation reminded me about the nature of the study, why I was doing it,
and how. From this time, whenever I felt torn or was navigating murky places, I read the
introduction to my dissertation proposal and the following comment from Lisa.

Day 15: Conversation in a Cafe
Lisa: Well, I respect what you are doing, and I know that it’s for a bigger cause, and
because of that, there are times when I go, “OK, this is really important.” And it’s
important to you, and your bigger picture is way more important to me too, whereas it’s
going to put me in a little bit of a bind. However, I see a bigger, more global picture that
has evolved here, that it’s important, and it’s important for the kids too, you know. So
there are times when I have to, like you said a minute ago, in my back of my mind, I go,
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“You know, if they [administrators] get mad at me, they get mad at me.” Because right
now I have enough data and go, “Look, this is why I’m doing this [study], this is why I
think it’s important. Trust me. It’s valid. It’s justified. “Why would I do this for kids if I
didn’t—you know, I am not getting anything out of this. I It’s important that we do this
for kids, and I think, too, the reason that I am always willing to do that is because I don’t
see you as someone who is doing this just for you. You know, I think you are like the
transportation, that it’s going to take this somewhere else. You know, it gets to be a
bigger picture, because it is important and it’s not just important to you. Like I said, I
think it’s important on a way bigger, more global scale, and there are as many
cheerleaders who are pushing the envelope.

Lisa’s words supported me every time that I felt lost writing the research text. Her trust in my
research and its potential trajectory represents to me the trust of all the teachers whom I met and
who left a memory in my life, and the teachers I might encounter in the future.
Once I reviewed the sets of conversations, now organized in the qualitative analysis
software, and had the final sets, I printed them and started thinking about all the possibilities for
a master narrative. Again, I felt overwhelmed and pressured to have a master narrative or plot in
my mind. I could construct different stories, but I did not know how to connect them to narrate
one story. I did not know what was the story that I wanted to write and whether I had to select it.
In my search for a master narrative, I talked to professors on my committee and to friends, and I
reread the chapters related to research texts in Clandinin and Connelly (2000). There was no
clear answer. Hendry (2007) explained what I experienced at this point of my study. The author
asserted that narrative inquirers sometimes get stuck thinking that there is a master narrative out
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there that they need to capture. People would say to me, “It will come to you.” I felt that I would
have to meditate to achieve the illumination that I needed to construct the master narrative. Once
again, my advisor was supportive, telling me that I did not need to have a master narrative in my
mind to start writing. She said that I could start writing what I was most excited to write. That is
what I did. At that time, the first story that felt compelling to write was my learning experience
implementing this research study.
This is how I started writing about how my previous experiences in Chile and the United
States took me to design and implement this research study. I wrote about how after
implementing this research, I came to understand myself better as a mathematics teacher and
person. Specially, I wrote about how being with Lisa contributed to my internal growth. In the
middle of this writing, I took a path that felt natural for writing my story. Once I was in the
writing mode, I reminded myself of the sets of conversations that I previously decided to
incorporate into my narrative. In this part of the writing process, the visual representation of the
conversation topics was helpful. I had a printed copy of the file (see Figure 18) next to my laptop
so that I was sure to incorporate them into the narrative. During the writing, I also had sticky
notes in my laptop with the phrases 3D inquiry, honor relationship, and write what I enjoy.
Looking at these words helped me to have in my mind the aspects that I wanted to have
represented in my narrative.
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CHAPTER 6. FINDINGS AND DISCUSSION

Findings
Research Question Misaligned With my Theoretical Lenses
In this dissertation study, I pursued to answer the following research question: In what
ways is a mathematics teacher’s personal practical knowledge held and used while designing and
implementing tasks involving area models? After writing the story of my work with Lisa, I
realized that the words in my research question were not aligned with my experiences in the field
and the theories that I built from to support this study.
First, this study became the study of two mathematics teachers’ personal practical
knowledge. I realized that by interacting with Lisa, I reflected on my previous experiences as a
learner and teacher, and started analyzing my own teaching. For example, I became aware of
some of my teaching images. When teaching mathematics, I usually focused on disengaged
students and I heavily emphasized the mathematics concept involved in the lesson. I also learned
that feeling part of a community was very important for me. In relation to Lisa, she enjoyed
teaching mathematics embedded in real-world contexts. Being outside is something that Lisa
personally enjoyed as a child and during her first years of teaching. Since the school conditions
changed, she found another way to supply that joy within her four walls. For example, Lisa
brought engineering ideas into her classes. This allowed her to bring the outside into the
classroom (i.e., inside), and to feel re-connected with her former interest in the engineering field.
Second, the words “held and used” in my research question denoted a static view of
knowledge. As I was in the field with Lisa, I started realizing that these words were inappropriate
to represent her PPK. If I were to answer how Lisa’s PPK is held and used, I would have to
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provide certain characteristics that encapsulate her PPK. These characteristics would be
something like themes that would emerge from the data. This way to communicate Lisa’s PPK
would assume that those characteristics exist independent of time, place, and social
circumstances. Implementing this study, I understood that mathematics teachers’ PPK aligns
with Dewey’s (1938) principle of continuity. PPK is related to the teacher’s present and past
experiences, her readings of students at the moment of teaching, and her predictions of students’
need to prepare for future experiences. Therefore, I cannot describe how Lisa’s PPK is held and
used to the point that I can predict her decisions on how to teach a topic in the classroom. Her
PPK was constantly taking different forms as she moved from time and place, and interacted
with different people.
Third, I learned that the words “designing and implementing tasks” in my research
question involved a narrow view of curriculum. In this study, I have described how subject
matter, students, teacher, and milieu were important elements of curriculum in Schwab (1969,
1983). Whenever Lisa and I came together to make decisions related to the task implemented, we
considered our experiences, students’ experiences, and the happenings in the school and
community around us. All of these elements were important to make meaningful and enjoyable
lessons for our students. Therefore, now that I am away from the field looking across my
research, I understood that building from Schwab’s (1969, 1983) conceptualization of curriculum
helped me to see Lisa, and myself, as curriculum makers.
Consequently, I have narrated how two mathematics teachers bring to bear their
experiences at the time of making curriculum. A research question that embraces the theoretical
underpinnings of this study, and that is answered by the story narrated here is: In what ways have
I perceived two mathematics teachers’ personal practical knowledge?
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No Categories but Constant Teaching Images
I identified that some of Lisa’s teaching images, and even my own, could be traced back
to our previous experiences. For example, Lisa’s love for engineering is an image that motivated
her teaching during my time with her. Incorporating the engineering design cycle, or the concept
of scrumming, into her mathematics teaching has helped her to fill her love for the profession
that she wanted pursue before getting into teaching and the profession that the men in her family
practice. At the same time, the incorporation of engineering ideas into her mathematics teaching
became the way that she found to be connected to the outside. In her first years of teaching, Lisa
used to spend time implementing cross-curricular activities outside of her school. At the time of
this study, bringing the engineering concepts into her lessons made her feel connected to the
outside. In my case, when teaching mathematics, my focus was on students that are marginalized
for academic or social reasons. This is something that has roots in my own experiences as a
learner. Feeling alone and without support in the past has encouraged me to become part of
communities and be involved with others.
Narrative Inquiry a Methodology to Sustain Learning
In terms of the concept of area, Lisa and I learned something new. I started this study
being curious about the use of area units when measuring area. I ended the study understanding
area as a measurement construct and the importance of creating spaces so that students define an
area unit to measure area. I understood that my view of the concept of area was shaped by my
previous experiences as learner of theoretical mathematics. For Lisa, measuring area of irregular
shapes was a concept to be discussed in elementary grades. She did not see the value of
discussing the concept of area until her honors students started asking about it. Lisa’s
relationship with me and her students, and her understanding of students’ future experiences
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motivated her to learn more about area. She even wanted to spend an extra day so that students
could have experiences identifying a method to measure the area of the given curved shape. Lisa
valued spending time measuring area of irregular shapes because she wanted to provide
experiences that prepared her students for future encounters with the concept of area in high
school. At the end of this study, Lisa learned that measuring area of irregular shapes could be a
very challenging task and despite that, students can create strategies to measure it without being
taught how to do it.
When teaching mathematics, I learned that our personal view of mathematics became the
lenses that Lisa and I used to elicit and develop further students’ comments. For example, if what
a student said did not resonate with me, it may be because I did not explore that idea before. In
those opportunities, I felt challenged to provide experiences to students to elicit more
information about their knowledge. In Kerrie’s case, Lisa could not resonate with her
mathematics concern. Since I learned about area as a measurement construct in the planning
stage of this study, this prepared me to resonate with Kerrie’s comments about approximating the
area of the curved shape.
Working collaboratively with Lisa using narrative inquiry resulted in a rewarding and
personal learning experience. Having a relationship with Lisa facilitated the creation of spaces to
discuss and consider each other’s ideas, even when those ideas did not resonate with the other at
front. My caring (Noddings, 1984, 2005) for Lisa encouraged me to seek more information to
support Lisa’s ideas and left aside my aims to follow her ideas and energy. Lisa learned to pay
attention to students’ conversations and stop herself from intervening until students manifested
their interest in moving forward in their thinking process. The phrase “it is not my problem yet”
became part of Lisa’s teaching expressions. Moreover, Lisa learned about herself by reading the
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story of our work together. When I shared the first draft of our story, Lisa recognized that she
had disregarded her painful childhood experiences in an impoverish area. When she read the
draft, she became aware of those experiences and understood how they have brought her to be
the mathematics teacher and person she was at the time of this study.
Discussion
This manuscript relates the story of two mathematics teachers who came together to plan
a lesson for their eighth-grade students. Paying attention to our experiences in the field (Dewey,
1938), and considering Schwab’s (1969, 1983) conceptualization of curriculum, I learned about
Lisa’s PPK and my own PPK (Elbaz, 1981, 1983). As a narrative inquirer, I learned that Lisa’s
ideas and decisions were based on her experiences and emotions in and out-side of the school,
and across time. Although we had a collaborative relationship, our different personal interests
conflicted sometimes, which led us to a negotiation process. However, our collaborative
relationship permitted us to be honest to each other and open to consider the other’s points of
view.
Throughout this manuscript, I have provided evidence that teachers are curriculum
makers (Clandinin & Connelly, 1992) and teachers’ experiences play an important role at the
time of making curriculum. Although I portrayed Lisa as a knowledgeable person from the
beginning, I did not refer to her as a curriculum maker. Now that I am looking across my
research, I see how my study is an example of two mathematics teachers making curriculum
(Clandinin & Connelly, 1992). Similarly, from the beginnings of this study, experiences were
identified as an important element, yet I did not expect this study to offer an illustration of how
teachers make curriculum based on Dewey’s (1938) principle of continuity. At the time of
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making decisions about the miniature golf course project, Lisa drew from her experiences and
her students’ future experiences to select and plan the lessons.
Not having categories to describe a mathematics teacher’s PPK is reasonable if we
consider that PPK is a construct based on teachers’ personal experiences. This is aligned with
Elbaz’s (1981, 1983) study. Human’s experiences are not like those represented in movies or
novels, where the plot follows a linear order. Human’s experiences are lived first, and when
people start reflecting on them to narrate them to others, they do it in a linear way so that the
audience can follow it. At the same time, it depends with whom someone is talking; the story
will take different forms and emphasis. Here, I have described the story of two mathematics
teachers’ PPK for a highly academic audience with the goals of honoring my relationship with
Lisa and all the previous teachers I encountered in my life, receiving an academic degree, and
belonging to the mathematics education community.
I consider that my study builds on existing research on mathematics teachers’ knowledge
and contributes to expand these conceptualizations. It provides a concrete example of Elbaz’s
(1981, 1983) PPK construct where Lisa used a type of knowledge that encompassed her
knowledge of mathematics, her students, and the school and community’s demands. Moreover,
as Rowland et al. (2005) considered in their framework, contingency was a category that I
observed in Lisa’s teaching practice. Lisa made decisions in the middle of her teaching according
to her readings of students and personal motivations. Lisa too used metaphors and analogies
when teaching mathematics as Davis (2011) has defined in his tacit knowledge construct. For
example, Lisa used the metaphor of the class being an engineering company and the analogy of
paths to describe students’ learning processes. What my study contributes to the
conceptualizations of mathematic teachers’ knowledge is that the metaphors and analogies that
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teachers refer and the decisions that they make are related to their previous and in-the-moment
personal experiences and their readings of students.
Considering Schwab’s (1969, 1983) conceptualization of curriculum led researchers to
consider teachers as makers of curriculum (Clandinin & Connelly, 1992), which allow
researchers to embrace teachers’ decisions and actions, and not seeing them in conflict with their
research purposes. This could move the field of mathematics education forward in our work with
teachers. Using Schwab (1969, 1983) conceptualization of curriculum allowed me to enter in
Lisa’s space and learn about her knowledge. At the same time, this action from my side
motivated her to learn something new and as a result, to have new experiences teaching the
concept of area. In the same line, using the narrative inquiry methodology (Clandinin &
Connelly, 2000) allowed me to learn about my own PPK (Elbaz, 1981, 1983) in light of my
interactions with Lisa. Therefore, narrative inquiry has the potential to encourage researchers and
teachers to work collaboratively, learn about themselves, and consequently, improve their
practices
In relation to the research on learners’ concepts of area, at the beginning of this study,
Lisa and I could be considered as lacking one type of understandings of the concept of area
described in Baturo and Nason (1996). My theoretical background in mathematics prepared me
to have a dynamic understanding of area (Baturo & Nason, 1996), but my understanding of area
as a measurement construct could be categorized as weak. Lisa’s previous experiences teaching
mathematics did not allow her to see area measurement as a challenging mathematics concept for
eighth graders. However, after interacting with our students, we both were willing to learn more
about this concept. Therefore, our initial “lack of knowledge” was temporal and aligned with our
previous experiences with the concept.
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The main contribution of this study is that mathematics teachers built their decisions,
metaphors, and analogies from their personal experiences and used them to make curriculum.
For example, Lisa re-implemented a lesson because she had good memories of students working
on it; it was connected to the outside; and it was related to engineering design. In terms of her
interactions with students, it was easier for Lisa to identify herself with students that hold an
understanding of mathematics similar to hers. It required for Lisa some time to consider a new
idea unrelated to hers. At the time of making decisions about what to do after students
experienced the miniature golf course lesson, Lisa based her decisions on her conversations with
her eighth-grade students, her knowledge of what they will be studying in high school, and her
relationship with me. This motivated Lisa to spend one extra day so that students could
approximate the area of the given curved shape.
This study could be questioned for different reasons. I worked just with one mathematics
teacher, and then I cannot generalize my findings. I agree. I designed this study considering that
there are multiple realities according to people’s experiences (Guba, 1990). Therefore, this study
is about the experiences of two unique mathematics teachers. Yet, I consider that reading this
manuscript could motivate people to start reflecting on their own experiences, which could take
them to learn something new about themselves.
I spent too much time in the field. I agree. Because I was a graduate student, I am aware
that I was lucky to be able to be with Lisa for four academic years. I assume that in a tenure track
position, it will be almost impossible to spend that same amount of time with teachers.
Nevertheless, what I learned, the relationships created, and joys experienced are worth all the
time invested in the school. The implementation of this study energized me, gave me hope, and
sustained my practice as a mathematics educator.
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Others might question my power in deciding what to tell or not to tell in this study. I did
decide what to write and what not to write. Even though I shared the field texts and drafts of this
story with Lisa, I did not ask her what to write up at front. I asked her to feel free to tell me to
eliminate the stories that I shared with her. She did not asked me to eliminate anything, but to
clarify some things. On the other hand, I am aware that what I understood and wrote about Lisa
and myself is because of my experiences and theoretical lenses. I am aware that another
researcher would notice and focus on other aspects or Lisa’s PPK.
A limitation of this study is that I already had a collaborative relationship with Lisa and
this turned to be one prominent factor for the findings. Thus, future studies might consider
characteristics of my collaborative relationships and study the affordances, and limitations, of
building new relationships. Because of my non-confrontational personality, another limitation of
this study is the lack of conversations about conflicting topics such as race and status when
teaching mathematics. Other researchers might explore the impact of having these types of
conversations within a collaborative relationship.
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APPENDIX A. IRB INFORMATION SHEET

RESEARCH PARTICIPANT INFORMATION SHEET
Planning and Implementing Area Lessons: A Window Into A Mathematics Teacher’s Personal
Practical Knowledge
PI: Signe Kastberg
Curriculum and Instruction
Purdue University
What is the purpose of this study?
When teachers teach mathematics they use a type a knowledge that comes from different sources
(e.g., personal, professional, school contexts). This knowledge is also in interaction with the
happenings in the classroom and students’ characteristics. Elbaz (1981, 1983) used the construct
of personal practical knowledge to refer to this type knowledge. In this study, I seek to explore
and describe what an eighth-grade mathematics teacher does with curriculum materials, why, and
how her decisions and/or actions are evidence of her personal practical knowledge. Precisely, I
will be investigating the following research question: In what ways is a mathematics teacher’s
personal practical knowledge held and used while designing and implementing tasks involving
area models?
What will I do if I choose to be in this study?
• You will be the Co-PI and participant of this study, which means that you will be another
researcher, or part of the key personnel, in this study.
• You will be planning and implementing a maximum of five tasks involving the concept of area,
and holding conversations with the researcher. The researcher will be recording your voice, and
writing notes about your comments and gestures.
• You will de-identify students’ written work and share them with the researcher during this
research study.
How long will I be in the study?
The study will take between two to three days per lesson and the researcher planned a maximum
of five lessons.
What are the possible risks or discomforts?
The research involves minimal risk, which is no greater than every day activities. At most, you
might feel the normal type of anxiety of being observed while teaching your regular mathematics
classes. It is important for you to know that the researcher is only interested in finding evidence of
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APPENDIX B. SUMMARY OF CONVERSATIONS TOPICS




 
 ˘ 
ˇ  ˇ  
 ˘ 
ˇ  ˇ  ˛ °  ˇˇ 
 ˘ 
ˇ  ˇ  ˛
     
 ˘ 
ˇ  ˇ      ˘!"  
 ˘ 
ˇ  ˇ  $ % "& 
 ˘ 
ˇ  ˇ  $"&(
 ˘ 
ˇ  ˇ  )ˇ 
 ˘ 
ˇ  ˇ  * 
 ° %
 ˘ 
ˇ  ˇ  +  ˇ  "°ˇ
 
 ˘ 
ˇ  ˇ  + ""   "    
 ˘ 
ˇ  ˇ  ,  -  
 ˘ 
ˇ  ˇ  .˘   % //0
*  2 
"
*  2& ˘( &
+  ˇ   %%  
+  
"&  * 
4      
-     

ˇ°˘

˘  5


ˆ
˜
˜
˙#
ˆ'
ˆ#
ˆ˙
#
˝#
ˆ#
ˆ˙
11
˜
3˙

3ˆ
3
3'

158

APPENDIX C. ELIZABETH’S JOURNAL

1/30/17
I started my dissertation study and I have been audio journaling for two reasons. First, I
have been experiencing a bad pain in my wrists tendons. The last Wednesday went to the doctor
and I got two shots on my tendons (corticoid). Then, I’m trying to avoid using my hands, as
much as I can. Second, with the arrived of Maia, I have been having less time, so doing audio
journaling helps me to save some time.
Last night I read an article that prof. Dana Cox recommended me written by Petra Munro
Henry (2007). The author challenged the goal of narrative research, which is mainly to generate
or discover a story. Epistemologically, that idea is aligned with positivist perspectives of
research. Narrative researchers try to “get the story right” forgetting to nurture a relationship
with their participants. Henry (2007) called the researchers’ attention to listen to, trust and have
faith in the participants. This allows researchers to honor relationships instead of “collecting the
right data.”
Reading Henry (2007) encouraged me to keep working on my research topic and
methodology. I am honoring my relationship with Lisa: I am not going to publish something that
she does not like and I believe that the knowledge that we construct together it is worth it and
unique.
I came to US to learn about how to do research in mathematics education. Over my time
as a PhD student, I learned different methodologies. I ended up bringing to my field a new
methodology to implement research with teachers. This methodology is based on trust, listening,
and faith in mathematics teachers.

3/1/2017
This day we had a different schedule because of ISTEP. This means that the schedule that
we had today is not normal. We had two periods together in one day. Then this first day really
correspond to two normal school days.
Group 1: 8:00-9:37
Group 2: 1:39-3:15
We implemented the golf course lesson, the first lesson, with the first period. It was very
excited because students started working immediately. One of the students, the only African
American, realized immediately that she will not be able to compute the area of the curve shape.
She was mad about it and couldn’t do anything else during the class. We talked about it and Lisa
immediately wanted to solve the problem. I mean she drew the figure in the graph paper and
started thinking about how to compute the area. We talked about how we could compute it. At
the beginning she was like, I’m fine if they use a triangle, to approximate the area, but then I was
like, let’s do that, but if it is a problem for them, let’s think in a different solution. We started
thinking on the units that the paper gave us and how they can slip those in quarter, for example
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• We decided that we are going to talk about it and try to create an environment to get them to
figure out that.
Second group
Elizabeth Suazo Flores

Reply all|
Today, 7:44 PM
Kastberg, Signe E <skastber@purdue.edu>
Hi again,
More news! Lisa and I ended the day very puzzled.
Lisa was really surprised by the students’ reaction to the task. They were just drawing the
figures without mathematics precision. We don’t understand why students did not use math, they
drew the figures by eye.
Lisa was so surprised that asked me to talk with her in the hall. Once there, she said that
her bright kid couldn’t think on making models of the figures. I could see in her face a puzzling
expression.
Personally, I was really surprised observing this group reacting completely different to
the task too. I have been writing that every group of students is different, but today I really
experience that. Every group is different and the teacher re-acts and works different with them
because of that.
In the middle of the lesson, Lisa an I talked and remind each other that we couldn’t make
students to solve the problem in the way that we saw it this morning. She agreed. I said to her,
“we need to understand how they are thinking about the problem.”
Lisa ended up stopping the class 15 minutes before the end. She talked to them about
how they could be more precise in their work. She asked questions to the whole group so that
they could start thinking about how to improve their procedure for the next time. Then, some
students realized that they could compute the area of every figure to see if the pieces fit in the
given space, but they were not very convinced.
I think the next class will be very important. We need to create a space that allows
students to talk more about the problem. It seems to be pieces that they are missing. Sadly, for
academic and personal reasons, the next class will be next Tuesday.
Elizabeth
Professor Signe’s response
Thu 3/2, 7:08 AM
Elizabeth Suazo Flores
Inbox
Action Items
I'm intrigued with the view each of you had on this class as thinking differently ie not like
the other class and not like you both:) What does this mean for their concept of area? I am
thinking that the task encourages this kind of play for some students who do not think in terms of
mathematical precision unless tasks seem "like math." That said, if this is so, then how can
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expectations be set that this is a mathematics exploration and so there are standards for the
work....
Lots of questions and I'm so excited!
Signe

3/6/2017
Students worked on the problem without much intervention from our part. Lisa had an
application statement to fill out and asked me for help. I accepted and helped her to improve her
statements on the application. This took away from us 45 minutes of discussion.
Students didn’t use the graph paper units to compute the area of the curve shape, some of
them just approximated to a quarter of a circle. These students didn’t care much about the
precision. They thought that the figure was exactly a quarter of a circle.

Period 1: 8:00-9:00
Lisa started talking about the engineering design cycle. She asked them: did we complete
the entire loop?
Lisa is using real-world situation to explain to students why it does not matter if they
have decimals in their area results.
Today we had to wait a little bit because three students in the class went to the main
office to receive some awards from the science fair.
Period 4: 10:45-11:30
Lisa started the class asking students to read the problem again and tell her what are the
things that they have to do.
Students shared and a discussion about why they have to compute area arose.
Lisa became engage with one group were one of the students is the brilliant student in her
class.
We came to the conclusion that this student was confused because he was able to see all
the layers of the problem and became overwhelmed.

3/7/2017
Period 1
Today we are going to spend 15 minutes in something else. Lisa had to show a video.
Lisa had to go to the airport for her husband last night at midnight
The students’ conferences are close so students have to be done with grading today
Many students computed the area of the curve shape assuming that both curves were a
quarter of a circle
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Two of the groups are drawing in their poster boards and the rest are still computing area
Precision is not something that students care about yet. For example, one student was
drawing in the graphing paper without using a ruler.
Because of time constrain one of the students decided to start drawing on the poster board
8:45am I’m realizing that the mathematics involved in this problem is area, measurement,
and proportionality
Lisa is really surprise by students. She said she didn’t have this problem before (i.e., 2001
when she implemented this problem). The problem is that students are drawing a small model
first and then passing that model to the poster board, instead of drawing immediately the final
model on the poster board.
Period 4
I was mainly absent because I had a meeting related to my PMENA work.
Tomorrow we are not working on this project, but Thursday we hope to finish
3/8/2017
I went to the school for 30 minutes to talk about the last period yesterday and next class
tomorrow. Lisa was with the GK-12 person in the room, which I think that constrained our
conversation. She brought to the school her blue prints to show the students how works. We
decided that I will be showing that to the students tomorrow, giving them 10 minutes to finish,
and talking about what they learned. I will propose them that if they want to finish the project,
they can do it for extra credits but we will not use class time for that.
Lisa is doing too many things at the same time. She had a meeting tomorrow for the
career thing and that is why she will not be in the school at the beginning. I’m hoping, and I told
this to her, that we will have some time to talk before the fourth period starts.
I’m thinking that the idea of having a draft of the golf course for the students was
important for them to make sense of the space. This might be related to area.
I also realized that Lisa’s mathematical knowledge flourishes when she is talking to the
students, but not necessarily when she is talking to me.
Lisa thinks that students don’t understand why they have to scale their model. That is
why she brought the blue prints.
I’m wondering if this is related to area directly. I’m thinking that Lisa’s area concept is
also quantitative because whenever I bring the idea of the units or the sense of the space, she
does not say much.
This is important to describe here. Lisa has been doing too many things. A list of them is
the following:

162
1) Monday 3/6: She was asked to fill out a resume where she had to write some things about
learning and teaching. I helped her because she asked me for my feedback.
2) Tuesday 3/7: She had a meeting with the principal at the time when we usually meet
3) Wednesday 3/8: We didn’t work on the miniature golf problem because Lisa needed to
finish grading because students’ conferences are happing soon.
4) She said that we need to finish the golf project because she needs to start teaching the
next week
5) She is not coming 3/9 (tomorrow at first period) because she has a meeting related to the
career center. So, I’m in charge of teaching first period.
6) Friday she is not coming to the school because she has a medical appointment.
7) Yesterday 3/7 she had to go to the airport to pick her husband up at midnight. This is
because her son bought a house in Seattle and her husband went to help him to renovate
the house.
After talking to professor Signe, I think I need to have a conversation about students’
feelings toward this project. I’m worry about finishing without providing them enough time to
finish their work. I shared with Lisa this, but her answer was providing them extra credits. After
talking to my advisor, I realized that my caring for the students is not the same as Lisa. The
emotional part that I consider important seems to be something that it is not important for her or
at least I don’t see it now. I need to be more explicit about because then I will get more evidence
of her thoughts about it.
Professor Signe also talked me about this intuitive thinking that is important to develop
but we are not doing in the classroom. She referred Dana’s paper about. I read that paper but I
might do it again. She said something like, trying to help Lisa to see herself as a countryside girl
and how she thought about it at that time. Her current intuitions were not her intuitions at that
time. She developed them across all this time. However, students don’t have those opportunities
to develop intuitions. Lisa might have to think or give importance to that. A piece of evidence
that she is not giving importance to this is that she does not value students’ sketches.
Professor Signe talked to me about the Santa problem and the difficult that even graduate
students have on this problem. The coordination of the unit and how they are affected by a
scaling is not something that we provide students time to experience. Students are usually
confused by a 3D model that was reduced in a half because the final model is one-eighth of the
original model because it is ½ times ½ times ½ the “new” model. Students usually consider this
too small.
It seems that proportionality and how this affect area is the mathematical topic presented
in this project.
Our schools are not providing opportunities for students to build up intuitions.
I’m trying to research how she knows not about what she knows. My key word is “ways
of knowing.” I could write about how a mathematics teacher works in the school in order to
legitimize her work because women are usually un-legitimized by men. This could be the focus
of my study.
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After talking to prof. Signe I realize that I was thinking as a mainstream researcher and I
was feeling bad because I was not getting that. I need to write about this dilemma in the same
way that about my dilemma about being honest with Lisa. For example, telling her that I disagree
with her idea of sharing about her personal life with students because I consider that students
don’t resonate with her. I don’t. Professor Signe helped me to see that she has been sharing
things with me, we have been rejected each other. The idea that she didn’t like the lessons and
proposed another one is an evidence of this. Also, the idea of planning a lesson that I didn’t like
but that I trust her and we didn’t anyways was another key aspect of my research.
Another thing that I realize is that she likes the lesson because of the joy that that
experience brought to her and students before. It was not about mathematics. Lisa is designing
experiences for students to enjoy; she doesn’t like to teach facts. Her joy is in working on
projects.
I’m enjoying solving problems because I like mathematics but itself, but she not
necessarily like that and that is ok. I need to remember that this is about her and not about me. I
don’t have to impose my mathematics ideas on her. She will not be solving mathematics
problems, but she does quilting because she enjoys the creativity part.
I can say that she also is enjoying in the project because of all the thinking that students
are doing. Lisa is enjoying spending time with them even when they are not getting this right.
3/9/2017
I was in charge of first period today because Lisa is in a Career meeting. Many of the
students finished the project.
We started taking a look to Lisa’s blueprints and I told students to look at the scale of
them. Students were more interested on knowing who’s this house was than on the scale. I think
this is the time to talk to Lisa about using her experiences as if they were relevant to the students.
Then students worked in groups and we have a group that didn’t work well. One of the students
was more interested on computing the area of the irregular shape and couldn’t do anything else
besides that. The rest of the members of the groups didn’t understand that part so they ignored
her. After class they told me about whether they were going to get points for group-work. I was
explicit about it. I know you struggle to group in your group, but that is normal. I experienced
that in high school, college, and now as a graduate student.
When I asked students to tell me what was challenging, exciting, what they wish they
knew before three people shared. One said that we don’t need to take work home because if you
are absent, then you have to start over. Other said that we don’t have to do a sketch because you
can do the final thing immediately. Other student said that it was helpful to do the sketch because
helped them to figure out the scale. Then the class dismissed.
Reminder: I might talk about ways of woman working in the school or ways of
knowing instead of what she knows.

-

Some questions that I have for a future meeting:
Do you think we understand in the same way mathematics?
How we negotiate?
Do you think your experiences are the same as your students? Do you think they can
connect with your current experiences?
How do you think students perceive their experiences at the school?
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Fourth period
We started showing the students the blueprints. Lisa leaded the discussion so student
didn’t get distracted from Lisa’s house. The blueprints are from Lisa’s houses.
We talked about the group interaction and we came up with the idea that sixth period is
working better on this project because they know each other from music.
Next week we are going to meet outside of the school, in a café, to talk about this
learning experience and what we are going to do next.
When I said to Lisa about the calculus idea to compute the area, Lisa used it to explain
how to compute the area of the curve shape using rectangles.
Today I finished my day in the school thinking that Lisa changed her mind and really
wants to keep working on this project. She realizes that now students understand what they have
to do so that they are working by themselves. Yesterday, I had the idea that she was done with
the project because she perceived too much struggle around it. We will tease out this
conversation next week.
The idea of work group is something that really called Lisa’s attention today. I share with
her my experience talking to the first period students. One group was “dysfunctional” because
they couldn’t communicate to each other. Lisa immediately started comparing first and fourth
periods with the sixth period. Sixth period students are all musicians, which for Lisa means that
they are sharp in mathematics and they know each other because they have been working in the
band for the last four years. That familiarity among them might help them to work better.
The mathematics complexity in the miniature golf course project seems not to bother
Lisa. Today she asked me whether I like this project. I said, yes, but I don’t like the idea of
having too many mathematics concepts involved. She is willing to talk more in deep about it but
we will do it outside of the school so that she can concentrate.
My email to prof. Signe
Signe Kastberg <skastber@purdue.edu>
Hi prof. Signe,
Thanks for talking to me yesterday. It was very useful! Next week I will be talking with
professor Dana too.
Today we had a great day at the school. After being in charge of first period, Lisa and I
had a wonderful conversation about group work and some possible ideas for why students did
sketches in the project. I’m glad that many groups were able to finish the project. After seeing

165
students working by themselves and what happened in first period, Lisa decided that she will be
carving some time so that students can finish the project in the school.
We are also meeting next week in a coffee place to talk about our learning experience
working together in this project and possible next steps. I told her that we could do one more
lesson and she said we could keep implementing lessons. This allows me to say that she is
enjoying this experience too.
On the other hand, I would like to check if the name of the person that you are reading is
Tim Fletcher. I also would like to read your art paper. I couldn’t find the ICME 13 proceedings,
so could you share it with me?
Have a restful and productive break!
Elizabeth
3/14/2017
Today I was not on the school for the first time during this month. I’m planning to go
tomorrow to scan the final students’ work. I’m also waiting for Lisa to tell me when to meet. For
her, this is the first day of school because yesterday she had a doctor appointment. Her allergies
are getting worst, so she was having another test yesterday.
I’ve been dreaming about my research. I came to the conclusion that my research
questions have a couple of words that are deviating me from my thinking or are not in line with
my research paradigm:
In what ways is a mathematics teacher’s personal practical knowledge held and
used while designing and implementing tasks involving area models?
The idea of holding and using a knowledge encourages me to think in terms of the
knowledge is our there and I’m trying to get evidence of it. While in my research what I’m doing
is to be my authentic self and construct with Lisa something. In terms of knowledge, I want to
communicate in what ways she knows, ways of knowing, no what she knows.
This means to me that I need to do some readings about women ways of knowing. I asked
Mahtob for some readings because I remembered that she worked on this the term before.
Something that called my attention on Thursday was that, after I told Lisa what I said to
the “disrupted group” about the “calculus way to compute area,” one student, “with special
needs,” approached Lisa asking her how to compute the area of that curve shape. Lisa started
solving the problem with him and started drawing rectangles, like in the calculus book, to
compute the area of the shape. She couldn’t finish this because the bell ringed.
Today I’m reading Jacobs from the theory mathematics education book, she wrote that
“The methodology of the mathematics classroom includes the relationships among the teacher
and the students, using students’ experiences to enhance their learning, cooperative vs.
competitive and individualistic experiences, and writing as a means of learning mathematics. The
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analysis of the nature of mathematics includes what the content is, the language used in talking
about mathematics, the nature of proof (what it means to know something in mathematics), and
what mathematicians actually do” (p. 436). This methodology described here is the same as the
curriculum idea described by Schwab.
3/15/17
Today I went to the school to make copies of some students work and talk to Lisa about
her schedule. I didn’t make copies of the students work because nobody has finished the project,
but I talked to Lisa about our next step. We decided that we are going to provide students with
the “curve” shape of the miniature golf course lesson and ask them to compute the area. The
shape will be drawn in a graph paper different from the one that we provided them. Actually it is
bigger. I think Lisa realized that it is important to do this because a couple of students have been
asking her how to do the problem. Then they are curious about it, which is enough justification
for us to do it. I drew the figure and made copies so that each student can have one.
Next Wednesday I’m meeting with Lisa to talk about the next steps. Now she can’t think
about it because she has a lot of things going on in the school and at home (e.g., taxes period).
We finally are not going to meet in a café because for Lisa that just is not going to work.
The next possible period of time to try a new project is at the end of April. My first
thought is that that day is not part of my dissertation schedule, which made me think that I have
to decide what is going to be my argument.
3/19/2017
I think I have to ask Lisa about her job in the career center because I see it as related to
the community
As I’m transcribing I’m thinking that I have to ask Lisa about …..
I also being realizing that I have to be clearer when I’m talking because maybe I’m being
misinterpret by Lisa. I’m sure this will happen many times because English is not my first
language.
I also realized that I’m a more mathy person and that could be a result of my background
as a Chilean teacher. I like pure mathematics and I studied it well so I’m more a theorist
mathematician than a pragmatist mathematician. When Lisa said to me, I used to do that in old
school, I feel like what I was asking her is something old that in the Unites States teachers don’t
do anymore. So maybe what I’m pushing her to do, which is to compute the area of irregular
shapes using different units it is interpreted by her as that is old school mathematics.

3/22/2017
Today I was going to meet with Lisa at the school to talk about our experience
implementing the miniature golf course lesson. She was going to have the morning t talk about it,
however, yesterday she texted me that she was no going to be able to do it. She suggested
meeting the next week, which is the school break week, on Tuesday at some time. I texted her:
“No problem. Next Tuesday I’m available until 2pm. What time would work for you? Where do
you want to meet?”
I think this is a busy time for Lisa and she prefers to be more relaxed to talk with me. I
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remember when I asked her to talk about our experience working together; we did it at her house,
while she was preparing a salad. I’m hopeful that she will make a space in her break to talk with
me. At the same time, I’m also a little bit stress out because my “data collection” is taking more
time, but I’m trying intentionally to be my authentic self and my priority is Lisa’s positive
emotions. I don’t know how to write this, but what I want to say is that I’m not going to put
pressure on her shoulders because of my dissertation study. To me, our relationship and her wellbeing is the most important thing.
During the break and this Monday, I worked on my poster for AGSERS. I printed in
fabric so I needed to have it done by Monday. I usually printed in paper, but this poster is
important for me. It is part of my dissertation study and I want to keep it. I feel proud of my
work, but at the same time I think about my future jobs and I’m afraid that people would not like
my research methodology. This reminds me what professor Del Valle told us. If you are in this
field (being a mathematics teacher) you have to be brave. I will never forget those words, I made
them part of my academic life.
I also updated the research question of my AGSERS poster. I used Dr. Cox’s suggestion
in my proposal defense:
In what ways have I preserved the mathematics teacher’s PPK held and used while
designing and implementing tasks involving area models?
In my preliminary analysis of my work with Lisa, for AGSERS, I identified the different
types of knowledge that are illuminated in the different instances together. I remembered a
conversation with professor Signe about the kaleidoscope. I found an image of three views of a
kaleidoscope. I used the colors to represent my interpretation of Lisa’s knowledge. There is a
common color among the images. It is the green color. I used that color to represent what Lisa
shared with me in our Chronicle conversation. I think that in underlining all our conversations
and actions in the classroom. In my poster I described the knowledge illuminated during
planning, implementation, and debriefing. Here is the picture of what I wrote.

For my meeting with Lisa, I’m planning to talk about our experience working together in
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the miniature golf course lesson, next steps, next lesson, and ask/talk the following questions:
•

Tell me about your job in the career center. Are you excited about it? Why? (I see this as
connected to the community, do you? How so?)
• In terms of mathematics knowledge or content knowledge. Do you think we understand
mathematics concepts in the same way? (I’m coming from Chile, but also I might have a
different understanding of mathematics)
• Do you think that you are the kind of person that like to be connected with different
people so that you get the best of them? I feel like you are because I remember when you
went to that conference in Boston, you didn’t know about Boaler, but know you are using
her terms. For example, mathematics is messy and it is good to struggle in mathematics. I
think that that way of being has been helping you to be the teacher that you are today. For
example, being in the school fro 28 years. (I see this as the main component of her
knowledge).
• How we negotiate? What are the things that each other have set aside? (Our relationship)
• Do you remember when you told me about your experiences as a countryside girl? How
your experiences as a student are similar or different from your current students? Do you
think that your current experiences are the same as your students? Do you think students
can connect with your current experiences? How do you think students perceive their
experiences at the school coming from different backgrounds? (Students focus
conversation)
• Could you tell me what happened with the regular class that didn’t work on the miniature
golf course task?
After my meeting with prof. Signe (3/22) I made some changes in my poster. I also have
to add one reference in my dissertation: Clandinin (2013). If I ended up using the kaleidoscope, I
need to refer to Dr. Nolan.
Professor Signe made me understand that there is nothing about feelings in my
preliminary analysis. I have to ask about the word “preserve.”
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3/26/17
The week before I was confused about my research, I was thinking, I’m not getting the
teacher’s mathematical knowledge, I’m not being completely honest with Lisa, and this is taking
me a lot of time! Then the Spring break week I read Hackenberg (2005) paper in FLM and one
sentence that she wrote helped me to find the equilibrium in my mind again. She wrote: “. ”
Now, at 10:48pm, I’m reading Nolan (2014). I read this before, but now I understanding
it better. Nolan is claiming the need for communicating the messiness and complexity of doing
research about teaching and learning. In mainstream research, we present the clean process and
we don’t talk about how we came up to know what we decided to write. This, with Hackenberg’s
(2005) sentence made me think that I will have to find a way to write my experience doing this
research and trying to answer my research question. I also learn that I just have to be my
authentic self, I have to forget about professors’ requirements because 1) they have been trained
to do mainstream research and 2) I have been working with this teacher for four academic years.
Lisa and I constructed something together and I don’t need to be trying to build something new
for my dissertation study.
3/28/17
Today I met Lisa at a coffee place at 9am. I brought Maia and Max so that she was able
to see Maia. This was the second time that Lisa sees Maia, the first time was at the hospital when
Maia was born. After a couple of minutes, Maia and Max left and we started talking about my
poster presentation at AGSERS the day before. Then I shared with her my notes for the topics
that I wanted to talk to her in the meeting. Here are the questions that I shared with her:
•

Tell me about your job in the career center. Are you excited about it? Why? (I see this as
connected to the community, do you? How so?)

•

In terms of mathematics knowledge or content knowledge. Do you think we understand
mathematics concepts in the same way? (I’m coming from Chile, but also I might have a
different understanding of mathematics)

•

Do you think that you are the kind of person that like to be connected with different
people so that you get the best of them? I feel like you are because I remember when you
went to that conference in Boston, you didn’t know about Boaler, but know you are using
her terms. For example, mathematics is messy and it is good to struggle in mathematics. I
think that that way of being has been helping you to be the teacher that you are today. For
example, being in the school fro 28 years. (I see this as the main component of her
knowledge).

•

How we negotiate? What are the things that each other have set aside? (Our relationship)

•

Do you remember when you told me about your experiences as a countryside girl? How
your experiences as a student are similar or different from your current students? Do you
think that your current experiences are the same as your students? Do you think students
can connect with your current experiences? How do you think students perceive their
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experiences at the school coming from different backgrounds? (Students focus
conversation)
•

Could you tell me what happened with the regular class that didn’t work on the miniature
golf course task?

We talked for 1.5 hours and we didn’t get to talk about the last two questions. We will
see each other next Monday in the school.
I felt great after this conversation because I felt that I was more open with Lisa and as a
result she was the same with me. She recognized some things that she didn’t before, so I feel
very rewarded.
4/1
I talked to prof. Dana Cox yesterday. I asked for the word “preserve” in my research
question. We talked about some ideas: How does PPK manifest or appear ….? In what ways
When I described to her the idea of kaleidoscope, she said that she liked because in my
research the “patterns unfold are never going to show again in the same way.”
She said that describing the trajectory of Lisa don’t understanding what I said to her, then
talking in a café about it and understanding it, and then teaching in the classroom is a wonderful
piece of data. In the same way, the fact that Lisa recognized the value of our work together is
another importance piece of data. What she said about learning from me about working with
others and the importance of relationships is another good piece of data. The piece about the
community and surroundings, and her work in the career center is related for her care about that.
And finally, what she said about Serena in our last meeting in a café, “that to me sealed the deal
with the manipulative materials.” I can summarize the pieces of my research in this way:
1) Our collaborative relationship taught her the value of relationships and she is going to use
that in her new job as a coach
2) The importance of using manipulative materials with algebra students, specially Serena’s
example, sealed the deal for her
This Lisa’s comment made me think about my engagement paper that I haven’t published
yet. This paper should be part of a top journal so that I can prepare my cv for it.
3) The piece of Lisa being involved in the career center project helped me to see her greatest
value for the community that surrounds the school
Now I’m wondering about our conversation previous to her presentation in the
Learning Center. What does she remember about that experience?
After talking to prof. Dana, I think that this is a good research question for my
dissertation:
In the context of planning and implementing area lessons, what does a caring
relationship between an eighth grade mathematics teacher and a mathematics educator
contribute to knowing a teacher’s personal practical knowledge?
I also realized that I need to understand and describe better the metaphor of using a
kaleidoscope to describe my research. Prof. Dana also reminded me about what Gabriela said
to her: You never see the same river twice.
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My presentation at AGSERS also helped me to start thinking about the representation
that I’m going to use to write the results of my dissertation. I might use some kind of kindle
so that people who read my dissertation can see the different views of a kaleidoscope.
Something interactive would be great.
I also thought about using dissertation studies to support my research and Rico
Gutstein is a good example of that because in her JRME 2016 paper he cited dissertation
studies.
4/3
Today I was in the school implementing the lesson that we planned the week before:
Computing the area of the curve shape using units squared. The curve shape was given to the
algebra students in a grid paper (see Figure 1). They were asked to provide a number for the
area that would be as precise as they would like it to be. Nobody knew how to do it, so Lisa
started splitting the class in different phases: first students worked individually, then in pairs,
and finally as a whole group. We didn’t finish the discussion, but students ended the class
having more ideas about how to compute the area. They have to work by themselves on the
problem as a homework.

Figure 1. Shape provided to the students.
Previously to this day, the week before, I read Nolan’s (2014) chapter. I love her idea
of doing “constructivist research,” which could be equated to the idea of constructivist
teaching. She said that when we teach in a constructivist way, the students are the center and
we don’t tell them how to do things. However, when we do research about teaching, or
learning, mathematics researchers do not consider they participants as the center of their
research. Moreover, when researchers communicate their research, they write in a way that
could be equated to a teacher-centered practice in teaching. Researchers provide the answers
to the readers in a clean way that doesn’t allow them to see all the complexity behind the
research process.
This reading made me think about the importance of my research in terms of
communicating the process of doing research. However, today after being in the school I
realized another connection.
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My big reflection at the end of the day was that my research is considering
participants as constructivist teaching considers students as the center. The idea of using
smaller and smaller units to compute area of irregular shapes is something that was not a
problem for Lisa until she realized that this was challenging for her algebra students. Then,
she started thinking about it and came to the conclusion that was worth it to spend some time
working on that problem. She said something like, “working on this problem will help
students to then understand better how to compute area below a curve using limits.” She was
very excited seeing all Algebra students engage in the problem. They didn’t finish and she
hopes to come back to the problem as soon as her schedule allows her to do it.
I enjoyed a lot seeing how students and Lisa engaged with the problem. My joy was
even more when she shared with me her thoughts about the problem and students’ thinking.
She admitted that she thought that the problem was easy because it looks easy, but when you
star working on it, you realize that is very complicated.
In some how, I created a situation that allowed Lisa to pay attention to the things that
I was paying attention (i.e., the importance of using smaller and smaller units when
computing area of irregular shapes). This ended up in a new learning experience for both of
us, but also for the algebra students.
Now I feel that the mathematics part of my dissertation is stronger. It is not just about
my relationship with her, it is also about mathematics!
Tue 4/4, 8:07 AM
This sounds absolutely inspiring. I am wanting to understand what precipitated the
teaching of the lesson. Was it an act of trust between you and Lisa? Her understanding of her
students and her ways of gaining insight will go on without you, but not in the same way. She
has gained new insights with you ad you with she. Now how does this part of the relationship
play a role in the dissertation? Your insight about the thinking of this teacher and the ways she
learns mathematics for teacher that are the basis for your insights about her and "change" are part
of your story of mathematics learning/teaching in your work with teachers.
Tue 4/4, 2:36 AM
I want to share with a piece of my journal. I thank you in advance for reading it!
Today I was in the school implementing the lesson that we planned the week before:
Computing the area of the curve shape using units squared. The curve shape was given to the
algebra students in a piece of grid paper (see Figure). They were asked to provide a number for
the area that would be as precise as they would like it to be. Nobody knew how to do it, so Lisa
divided the class time in different phases: first students worked individually, then in pairs, and
finally as a whole group. We didn’t finish the discussion, but students ended the class having
more ideas about how to compute the area. They have to work by themselves on the problem as a
homework.
Previously to this day, the week before, I read Nolan’s (2014) chapter. I love her idea of
doing “constructivist research,” which could be equated to the idea of constructivist teaching.
She said that when we teach in a constructivist way, the students are the center and we don’t tell
them how to do things. However, when we do research about teaching or learning mathematics
researchers do not consider they participants as the center of their research. Moreover, when
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researchers communicate their research, they write in a way that could be equated to a teachercentered practice in teaching. Researchers provide the answers to the readers in a clean way that
doesn’t allow them to see all the complexity behind the research process.
This reading made me think about the importance of my research in terms of
communicating the process of doing research. However, today after being in the school, I
realized another connection.
My big reflection at the end of today was that my research is considering participants as
constructivist teaching considers students as the center of the learning process. The idea of using
smaller and smaller units to compute area of irregular shapes is something that was not a
problem for Lisa until she realized that this was challenging for her algebra students. Then, she
started thinking about it and came to the conclusion that was good to spend some time working
on that problem. She said something like, “working on this problem will help students to then
understand better how to compute area below a curve using limits.” She was very excited seeing
all algebra students engage in the problem. They didn’t finish and she is hoping to come back to
the problem as soon as her schedule allows her to do it.
I enjoyed a lot seeing how students and Lisa engaged with the problem. My joy was even
more when she shared with me her thoughts about the problem and students’ thinking. She
admitted that she thought that the problem was easy because "at front looks easy, but when you
star working on it, you realize that is very complicated."
In some how, I created a situation that allowed Lisa to pay attention to the things that I
was paying attention (i.e., the importance of using smaller and smaller units when computing
area of irregular shapes). This ended up in a new learning experience for both of us, but also for
the algebra students.
Now I feel that the mathematics part of my dissertation is stronger. It is not just about my
caring relationship with her, it is also about learning mathematics together!
Elizabeth
4/12/17
Today I met with professor Signe after she was away for two weeks. She allowed me to
be done with the data collection. She said that I am ready to start writing. She also told me that I
do not need to change my research question. I need to analyze my data and write about “Lisa’s
change.” She worn me that I don’t need to write the results as she did what I wanted to, but
because of our relationship, all the giving that I did, she volunteered to take a look to my
research. She also told me that I have to write about Lisa’s PPK, but then I will also have to write
about my PPK because for example, the idea of engagement flourished again in this study.
For my data analysis, I have to focus on the PPK because what I have “discovered” is that
it is not limited to mathematics. My contribution to the field is to expand Elbaz’s framework to
mathematics. That is a huge contribution to the field.
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APPENDIX D. TRANSCRIPTS

Click here to see the transcripts

